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Preface

In this book, we introduce current developments and applications in using
iterative methods for solving Toeplitz systems. Toeplitz systems arise in a vari-
ety of applications in mathematics, scientific computing, and engineering, for in-
stance, numerical partial and ordinary differential equations; numerical solution of
convolution-type integral equations; stationary autoregressive time series in statis-
tics; minimal realization problems in control theory; system identification prob-
lems in signal processing and image restoration problems in image processing; see
[24, 36, 45, 55, 66].

In 1986, Strang [74] and Olkin [67] proposed independently the use of the
preconditioned conjugate gradient (PCG) method with circulant matrices as pre-
conditioners to solve Toeplitz systems. One of the main results of this iterative
solver is that the complexity of solving a large class of n-by-n Toeplitz systems
Tnu = b is only O(n log n) operations. Since then, iterative Toeplitz solvers have
garnered much attention and evolved rapidly over the last two decades.

This book is intended to be a short and quick guide to the development of
iterative Toeplitz solvers based on the PCG method. Within limited space and
time, we are forced to deal with only important aspects of iterative Toeplitz solvers
and give special attention to the construction of efficient circulant preconditioners.
Applications of iterative Toeplitz solvers to some practical problems will be briefly
discussed. We wish that after reading the book, the readers can use our methods
and algorithms to solve their own problems easily.

The book is organized into five chapters. In Chapter 1, we first introduce
Toeplitz systems and discuss their applications. We give a brief survey of classical
(direct) Toeplitz solvers. Some background knowledge of matrix analysis that will
be used throughout the book is provided. A preparation for current developments
in using the PCG method to solve Toeplitz systems is also given.

In Chapter 2, we study some well-known circulant preconditioners which have
proven to be efficient for solving some well-conditioned Hermitian Toeplitz systems.
We introduce the construction of Strang’s preconditioner, T. Chan’s preconditioner,
and the superoptimal preconditioner. A detailed analysis of the convergence rate
of the PCG method and some numerical tests with these three preconditioners are
also given. Other useful preconditioners will be briefly introduced.

Chapter 3 develops a unified treatment of different circulant precondition-
ers. We consider circulant preconditioners for Hermitian Toeplitz systems from
the viewpoint of function theory. Some well-known circulant preconditioners can

xi



xii Preface

be derived from convoluting the generating function of the Toeplitz matrix with
some famous kernels. Several new circulant preconditioners are then constructed
using this approach. An analysis of convergence rate is given with some numerical
examples.

Chapter 4 describes how a family of efficient circulant preconditioners can
be constructed for ill-conditioned Hermitian Toeplitz systems Tnu = b. Inspired
by the unified theory developed in Chapter 3, the preconditioners are constructed
by convoluting the generating function of Tn with the generalized Jackson kernels.
When the generating function is nonnegative continuous with a zero of order 2p, the
condition number of Tn is known to grow as O(n2p). We show, however, that the
preconditioner is positive definite and the spectrum of the preconditioned matrix
is uniformly bounded except for at most 2p + 1 outliers. Moreover, the smallest
eigenvalue is uniformly bounded away from zero. Hence the PCG method con-
verges linearly when used to solve the system. Numerical examples are included to
illustrate the effectiveness of the preconditioners.

Chapter 5 is devoted to the study of block circulant preconditioners for the
solution of block systems Tmnu = b by the PCG method, where Tmn are m-by-m
block Toeplitz matrices with n-by-n Toeplitz blocks. Such a kind of system appears
in many applications, especially in image processing [45, 66]. The preconditioners
c
(1)
F (Tmn) and c

(2)
F,F (Tmn) are constructed to preserve the block structure of Tmn

and are defined to be the minimizers of ‖Tmn −Cmn‖F over some special classes of
matrices. We prove that if Tmn is positive definite, then c

(1)
F (Tmn) and c

(2)
F,F (Tmn)

are positive definite too. We illustrate their effectiveness for solving block Toeplitz
systems by some numerical examples.

To facilitate the use of the methods discussed in this book, we have included
in the appendix the MATLAB programs that were used to generate our numerical
results here.

This book contains some important parts of our research work in the past 20
years. Some research results are joint work with Prof. Michael K. Ng of the Depart-
ment of Mathematics, Hong Kong Baptist University; Prof. Man-Chung Yeung of
the Department of Mathematics, University of Wyoming; and Dr. Andy M. Yip of
the Department of Mathematics, National University of Singapore. We are indebted
to Prof. Tony F. Chan of the Department of Mathematics, University of California
at Los Angeles; Prof. Gene Golub of the Department of Computer Science, Stanford
University; Prof. Robert Plemmons of the Department of Mathematics and Com-
puter Science, Wake Forest University; and Prof. Gilbert Strang of the Department
of Mathematics, Massachusetts Institute of Technology, for their enlightening ideas,
suggestions, and comments, from which we benefited a great deal. We are grateful
to Prof. Fu-Rong Lin of the Department of Mathematics, Shantou University; and
our student Mr. Wei Wang, for their help in the MATLAB programs used in the
book. Thanks are also due to our families for their encouragement, great support,
and patience, which are essential to the completion of the book.

The research results included in the book are supported by a number of grants
provided by HKRGC of Hong Kong and research grant 050/2005/A provided by
FDCT of Macao.



Chapter 1

Introduction

In this chapter, we first introduce the Toeplitz system, its history, and some remarks
on classical (direct) Toeplitz solvers. We then develop the background knowledge
in matrix analysis that will be used throughout the book. A preparation for the
development of iterative Toeplitz solvers is also given.

1.1 Toeplitz systems
An n-by-n Toeplitz matrix is of the following form:

Tn =



t0 t−1 · · · t2−n t1−n

t1 t0 t−1 · · · t2−n

... t1 t0
. . .

...

tn−2 · · · . . . . . . t−1
tn−1 tn−2 · · · t1 t0

 ; (1.1)

i.e., tij = ti−j and Tn is constant along its diagonals. The name Toeplitz is in
memorial of O. Toeplitz’s early work [78] in 1911 on bilinear forms related to Laurent
series; see [43] for details. We are interested in solving the Toeplitz system

Tnu = b,

where b is a known vector and u is an unknown vector.
Toeplitz systems arise in a variety of applications in different fields of mathe-

matics, scientific computing, and engineering [15, 24, 36, 45, 55, 57, 66]:

(1) Numerical partial and ordinary differential equations.

(2) Numerical solution of convolution-type integral equations.

(3) Statistics—stationary autoregressive time series.

(4) Signal processing—system identification and recursive filtering.

1



2 Chapter 1. Introduction

(5) Image processing—image restoration.

(6) Padé approximation—computation of coefficients.

(7) Control theory—minimal realization and minimal design problems.

(8) Networks—stochastic automata and neutral networks.

These applications have motivated mathematicians, scientists, and engineers to de-
velop specifically fast algorithms for solving Toeplitz systems. Such kinds of algo-
rithms are called Toeplitz solvers.

Most of the early works on Toeplitz solvers were focused on direct methods.
A straightforward application of the Gaussian elimination method will result in an
algorithm of O(n3) complexity. However, since n-by-n Toeplitz matrices are deter-
mined by only 2n− 1 entries rather than n2 entries, it is expected that the solution
of Toeplitz systems can be obtained in less than O(n3) operations. Levinson’s algo-
rithm [62] proposed in 1946 is the first algorithm which reduces the complexity to
O(n2) operations. A number of algorithms with such complexity can be found in the
literature; see, for instance, [46, 81, 88]. These algorithms require the invertibility
of the (n − 1)-by-(n − 1) principal submatrix of Tn.

Around 1980, fast direct Toeplitz solvers of complexity O(n log2 n) were devel-
oped [2, 11, 13, 50]. These algorithms require the invertibility of the �n/2�-by-�n/2�
principal submatrix of Tn.

The stability properties of these direct methods for symmetric positive definite
Toeplitz systems are discussed in Bunch [15]. It was noted that if Tn has a singular
or ill-conditioned principal submatrix, then a breakdown (or near-breakdown) can
occur in these algorithms. Such breakdowns will cause numerical instabilities in
subsequent steps and result in inaccurate solutions.

The question of how to avoid breakdowns (or near-breakdowns) by skipping
over singular submatrices or ill-conditioned submatrices has been studied exten-
sively [38, 42, 47, 77, 87]. In particular, T. Chan and Hansen in 1992 derived the
look-ahead Levinson algorithm [34]. The basic idea of the algorithm is to relax the
inverse triangular decomposition slightly and to compute an inverse block factor-
ization of the Toeplitz matrices with a block diagonal matrix instead of a scalar
diagonal matrix. Other look-ahead extensions of fast Toeplitz solvers can be found
in [39, 40].

Strang [74] and Olkin [67] in 1986 proposed independently the use of the
preconditioned conjugate gradient (PCG) method with circulant matrices as pre-
conditioners to solve symmetric positive definite Toeplitz systems. One of the main
results of this iterative solver is that the complexity of solving a large class of n-
by-n Toeplitz systems Tnu = b is only O(n log n) operations. Since then, iterative
Toeplitz solvers based on the PCG method have evolved rapidly with many papers
appearing on the subject, especially in the past 10 years. It is difficult for us to
include all of the different developments into this book. After compromising, we
will deal only with important aspects of these iterative Toeplitz solvers and give
some insight into how to design efficient preconditioners. Applications of iterative
Toeplitz solvers to some practical problems will be briefly mentioned. We hope
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that the selection of topics and the style of presentation will be useful to anyone
interested in iterative Toeplitz solvers. In the following, before we begin to study
these iterative solvers in detail, we need to introduce some background knowledge
in matrix analysis which will be used throughout the book.

1.2 Background in matrix analysis
An overview of the relevant concepts in matrix analysis is given here. The material
will be helpful in developing our theory in later chapters.

1.2.1 Basic symbols

We will be using the following symbols throughout this book.

• Let R denote the set of real numbers and C the set of complex numbers, and
let i ≡

√
−1.

• Let R
n denote the set of real n-vectors and C

n the set of complex n-vectors.
Vectors will always be column vectors.

• Let R
n×n denote the linear vector space of n-by-n real matrices and C

n×n the
linear vector space of n-by-n complex matrices.

• The uppercase letters such as A, B, C, ∆, and Λ denote matrices, and the
boldface lowercase letters such as x, y, and z denote vectors.

• The symbol (A)ij = aij denotes the (i, j)th entry of a matrix A. For an n-
by-n matrix, the indexes i, j usually go from 1 to n, but sometimes they go
from 0 to n − 1 for convenience.

• Let Amn denote any m-by-m block matrix with n-by-n blocks and (Amn)i,j;k,l

denote the (i, j)th entry in the (k, l)th block of matrix Amn.

• The symbol AT denotes the transpose of a matrix A, and A∗ denotes the
conjugate transpose of A.

• Let rank(A) denote the rank of a matrix A.

• Let dim(X ) denote the dimension of a vector space X .

• We use diag(a11, . . . , ann) to denote the n-by-n diagonal matrix:

diag(a11, . . . , ann) =


a11 0 · · · 0

0 a22
. . .

...
...

. . . . . . 0
0 · · · 0 ann

 .
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• The symbol In denotes the n-by-n identity matrix:

In =


1 0 · · · 0

0 1
. . .

...
...

. . . . . . 0
0 · · · 0 1

 .

When there is no ambiguity, we shall write it as I. The symbol ei will denote
the ith unit vector, i.e., the ith column vector of I.

• Let λmin(A) and λmax(A) denote the smallest and largest eigenvalues of A,
respectively.

• We use ρ[A] ≡ max |λi(A)| to denote the spectral radius of A, where λi goes
through the spectrum of A, i.e., the set of all eigenvalues of A.

• Let σmax(A) denote the largest singular value of A.

• Let C2π be the space of all 2π-periodic continuous real-valued functions f(x)
and C+

2π denote the subspace of all functions f(x) ≥ 0 in C2π which are not
identically zero.

• Let C2π×2π denote the space of all 2π-periodic (in each direction) continuous
real-valued functions f(x, y).

1.2.2 Spectral properties of Hermitian matrix

A matrix A ∈ C
n×n is said to be Hermitian if A∗ = A, and a matrix A ∈ R

n×n

is said to be symmetric if AT = A. Hermitian and symmetric matrices have many
elegant and important spectral properties (see [51, 56, 80, 86]), and here we present
only several classical results that will be used later on.

Theorem 1.1 (spectral theorem). Let A ∈ C
n×n. Then A is Hermitian if and

only if there exist a unitary matrix U ∈ C
n×n and a diagonal matrix Λ ∈ R

n×n

such that A = UΛU∗.

We recall that a matrix M ∈ C
n×n is unitary if M−1 = M∗.

Theorem 1.2 (Courant–Fischer minimax theorem). If A ∈ C
n×n is Hermi-

tian with eigenvalues
λ1 ≤ λ2 ≤ · · · ≤ λn,

then for each k = 1, 2, . . . , n, we have

λk = min
dim(X )=k

max
0 �=x∈X

x∗Ax
x∗x

= max
dim(X )=n−k+1

min
0 �=x∈X

x∗Ax
x∗x

,
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where X denotes a subspace of C
n. In particular, for the smallest and largest

eigenvalues, we have

λmin = λ1 = min
x�=0

x∗Ax
x∗x

, λmax = λn = max
x�=0

x∗Ax
x∗x

.

We recall that a number λ ∈ C is called an eigenvalue of A if there exists a
nonzero vector x ∈ C

n such that

Ax = λx.

Here x is called the eigenvector of A associated with λ.

Theorem 1.3 (Cauchy’s interlace theorem). Suppose A ∈ C
n×n is Hermitian

and that its eigenvalues are arranged in an increasing order

λ1 ≤ λ2 ≤ · · · ≤ λn.

If
µ1 ≤ µ2 ≤ · · · ≤ µn−1

are the eigenvalues of a principal submatrix of A of order n − 1, then

λ1 ≤ µ1 ≤ λ2 ≤ µ2 ≤ · · · ≤ µn−1 ≤ λn.

Theorem 1.4. (Weyl’s theorem). Let A, E ∈ C
n×n be Hermitian and the

eigenvalues λi(A), λi(E), λi(A + E) be arranged in an increasing order. Then for
each k = 1, 2, . . . , n, we have

λk(A) + λ1(E) ≤ λk(A + E) ≤ λk(A) + λn(E).

Theorem 1.5 (singular value decomposition theorem). Let A ∈ C
m×n with

rank(A) = r. Then there exist unitary matrices

U = (u1, . . . ,um) ∈ C
m×m, V = (v1, . . . ,vn) ∈ C

n×n

such that

U∗AV =
(

Σr 0
0 0

)
,

where
Σr = diag(σ1, σ2, . . . , σr)

with σ1 ≥ σ2 ≥ · · · ≥ σr > 0.

The σi, i = 1, 2, . . . , r, are called the singular values of A. The vectors ui

and vi are called the ith left singular vector and the ith right singular vector,
respectively.
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1.2.3 Norms and condition number

Let
x = (x1, x2, . . . , xn)T ∈ C

n.

A vector norm on C
n is a function that assigns to each x ∈ C

n a nonnegative number
‖x‖, called the norm of x, such that the following three properties are satisfied for
all x,y ∈ C

n and all α ∈ C:

(i) ‖x‖ > 0 if and only if x 	= 0;

(ii) ‖αx‖ = |α| · ‖x‖;

(iii) ‖x + y‖ ≤ ‖x‖ + ‖y‖.

A useful class of vector norms is the p-norm defined by

‖x‖p ≡
( n∑

i=1

|xi|p
)1/p

.

The following p-norms are the most commonly used norms in practice:

‖x‖1 =
n∑

i=1

|xi|, ‖x‖2 =
( n∑

i=1

|xi|2
)1/2

, ‖x‖∞ = max
1≤i≤n

|xi|.

A very important property of vector norms on C
n is that all vector norms on C

n

are equivalent; i.e., if ‖ · ‖α and ‖ · ‖β are two norms on C
n, then there exist two

positive constants c1 and c2 such that

c1‖x‖α ≤ ‖x‖β ≤ c2‖x‖α

for all x ∈ C
n. For instance, we have

‖x‖2 ≤ ‖x‖1 ≤
√

n‖x‖2, ‖x‖∞ ≤ ‖x‖2 ≤
√

n‖x‖∞, ‖x‖∞ ≤ ‖x‖1 ≤ n‖x‖∞.

Let
A = (aij)n

i,j=1 ∈ C
n×n.

We now turn our attention to matrix norms. A matrix (consistent) norm is a
function that assigns to each A ∈ C

n×n a nonnegative number ‖A‖, called the
norm of A, such that the following four properties are satisfied for all A, B ∈ C

n×n

and all α ∈ C:

(i) ‖A‖ > 0 if and only if A 	= 0;

(ii) ‖αA‖ = |α| · ‖A‖;

(iii) ‖A + B‖ ≤ ‖A‖ + ‖B‖;

(iv) ‖AB‖ ≤ ‖A‖ · ‖B‖.
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For every vector norm, we can define a matrix norm in a natural way. Given
a vector norm ‖ · ‖v, the matrix norm induced by ‖ · ‖v is defined by

‖A‖v ≡ max
x�=0

‖Ax‖v

‖x‖v
.

The most important matrix norms are the matrix p-norms induced by the vector
p-norms for p = 1, 2,∞. One can show that [41, 56]

‖A‖1 = max
1≤j≤n

n∑
i=1

|aij |, ‖A‖2 = σmax(A), ‖A‖∞ = max
1≤i≤n

n∑
j=1

|aij |,

where σmax(A) denotes the largest singular value of A. The Frobenius norm is
defined by

‖A‖F ≡
( n∑

j=1

n∑
i=1

|aij |2
)1/2

.

One of the most important properties of ‖ · ‖2 and ‖ · ‖F is that for any unitary
matrices Q and Z,

‖A‖2 = ‖QAZ‖2, ‖A‖F = ‖QAZ‖F .

When we solve a linear system Au = b, we need a good measurement on how
sensitive the computed solution is to input perturbations. The condition number of
matrices, defined by using matrix norms, relates the accuracy in u to perturbations
in A and b.

Definition 1.6. Let ‖ · ‖ be any matrix norm and A be an invertible matrix. The
condition number of A is defined as follows:

κ(A) ≡ ‖A‖ · ‖A−1‖.

Obviously, the condition number depends on the matrix norm, and usually
‖ · ‖2 is used. When κ(A) is small, then A is said to be well-conditioned, whereas if
κ(A) is large, then A is said to be ill-conditioned. The following theorem concerns
the effect of the perturbations in A and b on the solution of Au = b in terms of
the condition number. We refer readers to [41, 56] for a proof.

Theorem 1.7. Let A be an invertible matrix and Â be a perturbed matrix of A
such that

‖A − Â‖ · ‖A−1‖ < 1.

If
Au = b, Âû = b̂,

where b̂ is a perturbed vector of b, then

‖u − û‖
‖u‖ ≤ κ(A)

1 − κ(A)‖A−Â‖
‖A‖

(
‖A − Â‖

‖A‖ +
‖b − b̂‖

‖b‖

)
.
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Theorem 1.7 gives the upper bounds for the relative error of u in terms of the
condition number of A. From the theorem, we know that if A is well-conditioned,
i.e., κ(A) is small, then the relative error in u will be small, provided that the
relative errors in A and b are both small.

1.3 Preparation for iterative Toeplitz solvers
In 1986, Strang [74] and Olkin [67] proposed independently the use of the PCG
method with circulant preconditioners to solve symmetric positive definite Toeplitz
systems. We first introduce the conjugate gradient (CG) method.

1.3.1 Conjugate gradient method

The scheme of the CG method, one of the most popular and successful iterative
methods for solving Hermitian positive definite systems Hnu = b, is given as follows;
see [3, 41, 56, 69]. At the initialization step, we choose u(0), calculate

r(0) = b − Hnu(0),

and put d(0) = r(0). In the iteration steps, we have

s(k) = Hnd(k),

τk :=
r(k)∗

r(k)

d(k)∗s(k) ,

u(k+1) := u(k) + τkd(k),

r(k+1) := r(k) − τks(k),

βk :=
r(k+1)∗

r(k+1)

r(k)∗r(k) ,

d(k+1) := r(k+1) + βkd(k),

where d(k), r(k) are vectors and τk, βk are scalars, k = 0, 1, . . . . The vector u(k)

is the approximation to the true solution after the kth iteration. The main oper-
ation cost is the matrix-vector multiplication Hnd(k), which usually needs O(n2)
operations. A MATLAB implementation of the CG method is given as A.12 in the
appendix.

For Hermitian matrices, by the spectral theorem we know that the spectra of
the matrices are real. Therefore, in order to analyze the convergence rate of the
CG method, we need to introduce the following definition of clustered spectrum on
the real line [24, 55, 66, 83].

Definition 1.8. A sequence of matrices {Hn}∞
n=1 is said to have clustered spectra

around 1 if for any ε > 0, there exist M and N > 0 such that for any n > N , at
most M eigenvalues of Hn − In have absolute values larger than ε; see Figure 1.1.
Here In is the identity matrix.
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Figure 1.1. Clustered spectra around 1.

In the following, we study the convergence rate of the CG method. Let

e(k) ≡ u − u(k), (1.2)

where u(k) is the approximation after the kth iteration of the CG method applied
to the system Hnu = b and u is the true solution of the system. The following
theorem can be found in [41, 56].

Theorem 1.9. We have

|||e(k)|||
|||e(0)||| ≤ 2

(√
κ2 − 1

√
κ2 + 1

)k

,

where e(k) is defined by (1.2), ||| · ||| is the energy norm defined by |||v|||2 ≡ v∗Hnv,
and

κ2 = κ2(Hn) = ‖Hn‖2‖H−1
n ‖2.

Furthermore, we have the following theorem [84].

Theorem 1.10. If the eigenvalues λj of Hn are ordered such that

0 < λ1 ≤ · · · ≤ λp ≤ b1 ≤ λp+1 ≤ · · · ≤ λn−q ≤ b2 ≤ λn−q+1 ≤ · · · ≤ λn,

where b1 and b2 are two constants, then

|||e(k)|||
|||e(0)|||≤2

(
α − 1
α + 1

)k−p−q

· max
λ∈[b1,b2]

p∏
j=1

(
λ − λj

λj

)
=2

(
α − 1
α + 1

)k−p−q

·
p∏

j=1

(
b2 − λj

λj

)
,

where e(k) is defined by (1.2) and α ≡ (b2/b1)1/2 ≥ 1.

From Theorem 1.10, we notice that when n increases, if p and q are constants
that do not depend on n and λ1 is uniformly bounded away from zero, then the
convergence rate is linear, i.e.,

lim
k→∞

|||e(k+1)|||
|||e(k)||| = c < 1.

Thus, the number of iterations to attain a given accuracy is independent of n. We
also notice that the more clustered the eigenvalues are, the faster the convergence
rate will be. In particular, if they are clustered around 1, we have the following
corollary.
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Corollary 1.11. If the eigenvalues λj of Hn are ordered such that

0 < η < λ1 ≤ · · · ≤ λp ≤ 1 − ε ≤ λp+1 ≤ · · · ≤ λn−q ≤ 1 + ε ≤ λn−q+1 ≤ · · · ≤ λn,

where 0 < ε < 1, then

|||e(k)|||
|||e(0)||| ≤ 2

(
1 + ε

η

)p

εk−p−q,

where e(k) is defined by (1.2) and k ≥ p + q.

Proof. For α given in Theorem 1.10, we have

α ≡
(

b2

b1

) 1
2

=
(

1 + ε

1 − ε

) 1
2

.

Therefore,
α − 1
α + 1

=
1 −

√
1 − ε2

ε
< ε.

For 1 ≤ j ≤ p and λ ∈ [1 − ε, 1 + ε], we have

0 ≤ λ − λj

λj
≤ 1 + ε

η
.

Thus, by using Theorem 1.10, we obtain

|||e(k)|||
|||e(0)||| ≤ 2

(
α − 1
α + 1

)k−p−q

· max
λ∈[b1,b2]

p∏
j=1

(
λ − λj

λj

)
≤ 2

(
1 + ε

η

)p

εk−p−q. �

For arbitrary small ε > 0, if p and q are constants that do not depend on n when
n increases and λ1 is uniformly bounded away from zero by η, then we have by
Corollary 1.11, |||e(k+1)|||/|||e(k)||| ≤ ε, i.e.,

lim
k→∞

|||e(k+1)|||
|||e(k)||| = 0.

Thus, the convergence rate is superlinear. Note that for any ε > 0, if there exist M
and N > 0 such that when n > N , the matrix Hn can be decomposed as

Hn = In + Kn + Ln, (1.3)

where ‖Kn‖2 < ε, rank(Ln) < M , and, moreover, λmin(Hn) is uniformly bounded
away from zero, then by Weyl’s theorem, the spectrum of Hn will satisfy the condi-
tions of Corollary 1.11. In later chapters, we will use this technique of decomposition
(1.3) to establish the superlinear convergence rate of our methods.
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When Hn is not of the form in (1.3), we can accelerate the convergence rate of
the CG method by preconditioning the system; i.e., instead of solving the original
system Hnu = b, we solve the preconditioned system

H̃nũ = b̃,

where H̃n = M
− 1

2
n HnM

− 1
2

n , ũ = M
1
2
n u, b̃ = M

− 1
2

n b, and Mn is Hermitian positive
definite. The main work involved in implementing the CG method for the precon-
ditioned system H̃nũ = b̃ is the matrix-vector product M−1

n Hnv for some vector
v; see [41, 56, 69]. The resulting method is called the preconditioned conjugate
gradient (PCG) method. The preconditioner Mn is chosen with three criteria in
mind [3, 41, 55, 56, 66]:

I. Mn is easily constructible.

II. For any vector d, the product r = M−1
n d is easy to compute or the system

Mnr = d is easy to solve.

III. The spectrum of H̃n, which is the same as that of M−1
n Hn, is clustered and/or

H̃n is well-conditioned compared to Hn.

Strang [74] and Olkin [67] noted that for any Toeplitz matrix Tn with a
circulant preconditioner Cn, the product C−1

n Tnv can be computed efficiently in
O(n log n) operations. Circulant matrices are Toeplitz matrices of the form

Cn =



c0 cn−1 · · · c2 c1
c1 c0 cn−1 · · · c2
... c1 c0

. . .
...

cn−2 · · · . . . . . . cn−1
cn−1 cn−2 · · · c1 c0

 ,

i.e., c−k = cn−k for 1 ≤ k ≤ n − 1. It is well-known [37] that circulant matrices can
be diagonalized by the Fourier matrix Fn, i.e.,

Cn = F ∗
nΛnFn, (1.4)

where the entries of Fn are given by

(Fn)j,k =
1√
n

e
2πijk

n , i ≡
√

−1,

for 0 ≤ j, k ≤ n − 1, and Λn is a diagonal matrix holding the eigenvalues of Cn.
By using (1.4), we note that the first column of Fn is 1√

n
1n, where 1n =

(1, 1, . . . , 1)T ∈ R
n is the vector of all ones. Hence

FnCne1 =
1√
n

Λn1n, (1.5)

where e1 = (1, 0, . . . , 0)T ∈ R
n is the first unit vector. Therefore, the entries of

Λn can be obtained in O(n log n) operations by taking the celebrated fast Fourier
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transform (FFT) of the first column of Cn; see [14, p. 131] for a detailed introduction
on FFT. From (1.5), we see that the eigenvalues λk of Cn are given by

λk = (Λn)kk =
n−1∑
j=0

cje
2πijk

n , k = 0, 1, . . . , n − 1. (1.6)

In MATLAB software, the command fft(v) computes the product
√

nFnv for any
vector v. In view of (1.5), the eigenvalues λk can be computed by fft(c) when c
is the first column of Cn; see how the vector ev is formed in A.3 in the appendix.

Once Λn is obtained, the products Cny and C−1
n y could be computed easily

by FFTs in O(n log n) operations by using (1.4). In fact, C−1
n y = F ∗

nΛ−1
n Fny, which

can be computed by the MATLAB command ifft(fft(y)./ev); see A.6 in the
appendix. We note that in MATLAB software, the operation “./” is the entrywise
division.

The multiplication Tnv can also be computed by FFTs by first embedding Tn

into a 2n-by-2n circulant matrix. More precisely, we construct a 2n-by-2n circulant
matrix with Tn embedded inside as follows:(

Tn ×
× Tn

)(
v
0

)
=
(

Tnv
†

)
, (1.7)

and then the multiplication can be carried out by using the decomposition as in
(1.4). Therefore, the cost of computing Tnv is O(2n log(2n)) by using FFTs of
length 2n. In A.7, we give the program for computing Tnv, where gev, computed
via A.3, is the vector holding the eigenvalues of the 2n-by-2n circulant matrix.

Recall that when using the PCG method to solve Tnu = b with the precondi-
tioner Cn, the main areas of work in each iteration are the matrix-vector products
Tnv and C−1

n w for some vectors v and w; see [41, 56, 69]. From the discussions
above, the cost per iteration is therefore O(n log n). In particular, if the method
converges linearly or superlinearly, then the complexity of the algorithm remains
O(n log n). This is one of the important results of this algorithm when compared
to the operation cost of O(n log2 n) required by fast direct Toeplitz solvers. The
MATLAB implementation of the PCG algorithm is given in A.5. Instead of requir-
ing the matrices Cn and Tn, it requires the eigenvalues of Cn and the eigenvalues of
the extended 2n-by-2n circulant matrix in (1.7). These eigenvalues are computed
via A.3. We will illustrate how to use A.5 in Section 2.5.

We emphasize that the use of circulant preconditioners for Toeplitz systems
allows the use of FFT throughout the computations, and FFT is highly paralleliz-
able and has been implemented on multiprocessors efficiently [1, p. 238] and [76].
Since the CG method is also easily parallelizable [8, p. 165], the PCG method with
circulant preconditioners is well adapted for parallel computing.

1.3.2 Generating function and spectral analysis

We need to introduce the technical term, generating function, in order to give
the spectral analysis. From Theorem 1.10 and Corollary 1.11, we know that the
convergence rate of the PCG method with circulant preconditioner Cn for solving
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the Toeplitz system Tnu = b depends on the spectrum of C−1
n Tn, which is a function

of n. To link all Tn’s together, we assume that the diagonals {tk}n−1
k=−n+1 of Tn,

defined in (1.1), are the Fourier coefficients of a function f , i.e.,

tk =
1
2π

∫ π

−π

f(x)e−ikxdx. (1.8)

The function f is called the generating function of Tn. In some practical problems
from science and engineering, we are usually given f first, not the Toeplitz matrices
Tn [24, 55, 66]; note the following examples:

• Numerical differential equations: the equation gives f .

• Integral equation: the kernel gives f .

• Time series: the spectral density function gives f .

• Filter design: the transfer function gives f .

• Image restoration: the blurring function gives f .

The function f is assumed to be in a certain class of functions such that all
Tn are invertible. We note the following:

(i) When f is real-valued, then Tn are Hermitian for all n.

(ii) When f is real-valued and even, then Tn are real symmetric for all n.

Let C2π be the space of all 2π-periodic continuous real-valued functions de-
fined on [−π, π]. The following theorem [43, pp. 64–65] gives the relation between
the values of f and the eigenvalues of Tn.

Theorem 1.12 (Grenander–Szegö theorem). Let Tn be given by (1.1) with a
generating function f ∈ C2π. Let λmin(Tn) and λmax(Tn) denote the smallest and
largest eigenvalues of Tn, respectively. Then we have

fmin ≤ λmin(Tn) ≤ λmax(Tn) ≤ fmax, (1.9)

where fmin and fmax denote the minimum and maximum values of f(x), respectively.
In particular, if fmin > 0, then Tn is positive definite. Moreover, the eigenvalues
λj(Tn), j = 0, 1, . . . , n − 1, are equally distributed as f( 2πj

n ), i.e.,

lim
n→∞

1
n

n−1∑
j=0

[
g(λj(Tn)) − g

(
f
(2πj

n

))]
= 0

for any g ∈ C2π.

Proof. We prove only (1.9). Let v = (v0, v1, . . . , vn−1)T ∈ C
n. Then we have

v∗Tnv =
1
2π

∫ π

−π

∣∣∣ n−1∑
k=0

vke−ikx
∣∣∣2f(x)dx. (1.10)
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Since fmin ≤ f(x) ≤ fmax for all x, we have by (1.10),

fmin ≤ v∗Tnv ≤ fmax,

provided that v satisfies the condition

v∗v =
1
2π

∫ π

−π

∣∣∣ n−1∑
k=0

vke−ikx
∣∣∣2dx = 1.

Hence, we have by the Courant–Fischer minimax theorem,

fmin ≤ λmin(Tn) ≤ λmax(Tn) ≤ fmax. �

The equal distribution of eigenvalues of Toeplitz matrices indicates that their
eigenvalues will not be clustered in general. To illustrate this, consider the 1-
dimensional discrete Laplacian matrix

Tn =



2 −1 0 · · · 0

−1 2
. . . . . .

...

0
. . . . . . . . . 0

...
. . . . . . 2 −1

0 · · · 0 −1 2


.

The generating function f(x) is given by

f(x) = − cos(−x) + 2 − cos x = 4 sin2 x

2
.

By Theorem 1.12, the spectrum of Tn is distributed as 4 sin2(πj/n) for 0 ≤ j ≤ n−1.
In fact, the eigenvalues of Tn are given by

λj(Tn) = 4 sin2
[
π(j + 1)
n + 1

]
, 0 ≤ j ≤ n − 1.

Obviously,

lim
n→∞

1
n

n−1∑
j=0

[
λj(Tn) − f

(2πj

n

)]

= lim
n→∞

4
n

n−1∑
j=0

{
sin2

[
π(j + 1)
n + 1

]
− sin2

(πj

n

)}
= 0.

For n = 32, the eigenvalues (tick marks) of Tn are depicted in Figure 1.2.
Let C+

2π denote the subspace of all nonnegative functions in C2π which are not
identically zero. We say that x0 ∈ [−π, π] is a zero of f of order q if f(x0) = 0 and
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�
0 1 2 3 4
Figure 1.2. Spectrum of the 1-dimensional discrete Laplacian T32.

q is the smallest positive integer such that f (q)(x0) 	= 0 and f (q+1)(x) is continuous
in a neighborhood of x0. By Taylor’s theorem,

f(x) =
f (q)(x0)

q!
(x − x0)q + O

(
(x − x0)q+1

)
for all x in that neighborhood. Since f is nonnegative, q must be even and
f (q)(x0) > 0. The following theorem is an improvement on Theorem 1.12. The
proof of the theorem can be found in [18].

Theorem 1.13. Let f ∈ C+
2π. If fmin < fmax, then for all n > 0,

fmin < λj(Tn) < fmax, j = 1, . . . , n,

where λj(Tn) is the jth eigenvalue of Tn. In particular, if f ≥ 0 and f(x0) = 0
with x0 ∈ [−π, π] being a zero of order 2p, then Tn are positive definite for all n.
Moreover,

0 < λmin(Tn) ≤ O(n−2p).

From Theorems 1.12 and 1.13, we know that if f ≥ 0 and has a zero of
order 2p, then Tn is always positive definite but the condition number of Tn will be
κ(Tn) = O(n2p), which is unbounded as n tends to infinity; i.e., Tn is ill-conditioned.
If f is nondefinite, then Tn is also nondefinite. Also, the equal distribution of
eigenvalues of Tn implies that the CG method, when applied to the system Tnu = b,
will converge slowly. Therefore, some efficient preconditioners are needed. This is
the main motivation in developing later chapters.





Chapter 2

Circulant preconditioners

“What is circular is eternal. What is eternal is circular [37].”
Since 1986, many circulant preconditioners have been proposed for solving Toeplitz
systems. Here we introduce some of them that have proven to be good precondi-
tioners in the literature [24, 36, 55, 66]. Other useful noncirculant preconditioners
will be briefly discussed.

2.1 Strang’s circulant preconditioner
Let Tn given by (1.1) be generated by a real-valued function

f(x) =
∞∑

k=−∞
tkeikx

in the Wiener class, i.e.,
∞∑

k=−∞
|tk| < ∞,

where

tk ≡ 1
2π

∫ π

−π

f(x)e−ikxdx.

We remark that Tn are Hermitian for all n and the Wiener class is a proper subset
of C2π.

Strang’s preconditioner s(Tn) is defined to be the circulant matrix obtained
by copying the central diagonals of Tn and bringing them around to complete the
circulant requirement. More precisely, the diagonals sk of s(Tn) are given by

sk =


tk, 0 ≤ k ≤ m,
tk−n, m < k ≤ n − 1,
s̄−k, 0 < −k ≤ n − 1.

(2.1)

17
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For simplicity, here we assume that n = 2m + 1. The case n = 2m can be treated
similarly and in that case, we define sm = 0 or

sm =
1
2
(tm + t−m).

Algorithm A.3 with pchoice=2 generates the first column of s(Tn) and then its
eigenvalues ev.

According to the requirement III in Section 1.3.1, a necessary condition for
s(Tn) to be a good preconditioner for Tn is that (s(Tn))−1Tn has a clustered spec-
trum. The first step of proving this is to show the following lemma.

Lemma 2.1. Let f be a positive real-valued function in the Wiener class. Then
for large n, the matrices s(Tn) and (s(Tn))−1 are uniformly bounded in ‖ · ‖2.

Proof. By using (1.6), the jth eigenvalue of s(Tn) is equal to

λj(s(Tn)) =
m∑

k=−m

tke
2πijk

n .

Since the series
∑∞

k=−∞ tkeikx is absolutely convergent for x ∈ [−π, π], for any given
ε > 0, there exists an N such that for n > N (equivalently m > (N − 1)/2),∣∣∣ ∑

|k|>m

tkeikx
∣∣∣ < ε.

Therefore, for any j,

λj(s(Tn)) =
m∑

k=−m

tke
2πijk

n − f

(
2πj

n

)
+ f

(
2πj

n

)

=
m∑

k=−m

tke
2πijk

n −
∞∑

k=−∞
tke

2πijk
n + f

(
2πj

n

)

= f

(
2πj

n

)
−

∑
|k|>m

tke
2πijk

n

≥ fmin −
∣∣∣ ∑

|k|>m

tkeikx
∣∣∣ = fmin − ε.

By choosing ε = 1
2fmin > 0, the result follows. �

Next we show that Tn−s(Tn) has a clustered spectrum. The following theorem
was first proved in [27] by using the theory of compact operators. Here we will use
a purely linear algebra technique developed in [17].

Theorem 2.2. Let f be a function in the Wiener class. Then for all ε > 0, there
exist M and N > 0 such that for all n > N , at most M eigenvalues of Tn − s(Tn)
have absolute values exceeding ε.
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Proof. We note that Bn ≡ Tn − s(Tn) is a Hermitian Toeplitz matrix with entries
bij = bi−j given by

bk =


0, 0 ≤ k ≤ m,
tk − tk−n, m < k ≤ n − 1,
b̄−k, 0 < −k ≤ n − 1.

Since f is in the Wiener class, for all given ε > 0, there exists an N > 0 such that

∞∑
k=N+1

|tk| < ε.

In the following, we will use ε to denote a small positive generic constant. Let U
(N)
n

be the n-by-n matrix obtained from Bn by replacing the (n−N)-by-(n−N) leading
principal submatrix of Bn by the zero matrix. Then

rank(U (N)
n ) ≤ 2N.

Let
W (N)

n ≡ Bn − U (N)
n .

The leading (n − N)-by-(n − N) block of W
(N)
n is the leading (n − N)-by-(n − N)

principal submatrix of Bn, and hence this block is a Toeplitz matrix. It is easy to
see that the maximum absolute column sum of W

(N)
n is attained at the first column

(or the (n − N − 1)th column). Thus

‖W (N)
n ‖1 =

n−N−1∑
k=m+1

|bk| =
n−N−1∑
k=m+1

|tk − tk−n| ≤ 2
n−N−1∑
k=N+1

|tk| < ε.

Since W
(N)
n is Hermitian, we have ‖W

(N)
n ‖∞ = ‖W

(N)
n ‖1. Thus

‖W (N)
n ‖2 ≤

(
‖W (N)

n ‖1 · ‖W (N)
n ‖∞

) 1
2

< ε.

Hence the spectrum of W
(N)
n lies in (−ε, ε). By Weyl’s theorem, we see that at most

2N eigenvalues of Bn = Tn − s(Tn) have absolute values exceeding ε. �

Combining Lemma 2.1 and Theorem 2.2, and using the fact that

(s(Tn))−1Tn = In + (s(Tn))−1(Tn − s(Tn)),

we have the following corollary.

Corollary 2.3. Let f be a positive function in the Wiener class. Then for all
ε > 0, there exist M and N > 0 such that for all n > N , at most M eigenvalues of
(s(Tn))−1Tn − In have absolute values larger than ε.
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Thus the spectrum of (s(Tn))−1Tn is clustered around 1 for large n. It follows
that the convergence rate of the PCG method is superlinear; refer to Section 1.3.1
for details.

If extra smoothness conditions are imposed on the generating function f , we
can obtain more precise estimates on how

|||e(k)|||2 = e(k)∗
(s(Tn))−1/2Tn(s(Tn))−1/2e(k)

goes to zero. Here e(k) is the error at the kth iteration of the PCG method. The
following theorem can be found in [60, 61, 79].

Theorem 2.4. Suppose f is a rational function of the form f(z) = p(z)/q(z), where
p(z) and q(z) are polynomials of degrees µ and ν, respectively. Then the number
of outlying eigenvalues of (s(Tn))−1Tn is exactly equal to 2 max{µ, ν}. Hence, the
method converges in at most 2 max{µ, ν} + 1 steps for large n. If, however,

f(z) =
∞∑

j=0

ajz
j

is analytic only in a neighborhood of |z| = 1, then there exist constants c > 0 and
0 ≤ r < 1 such that

|||e(k+1)|||
|||e(0)||| ≤ ckrk2/4+k/2.

For ν-times differentiable generating functions f , we have the following theo-
rem for the convergence rate of the PCG method with Strang’s preconditioner.

Theorem 2.5 (R. Chan [17]). Let f be a ν-times differentiable function with
f (ν) ∈ L1[−π, π], where ν > 1. Then there exists a constant c > 0 which depends
only on f and ν such that for large n,

|||e(2k)|||
|||e(0)||| ≤ ck

((k − 1)!)2ν−2 .

The theorem was proved by using Weyl’s theorem. R. Chan and Yeung later
used Jackson’s theorems [35, pp. 143–148] in approximation theory to prove a
stronger result than that in Theorem 2.5.

Theorem 2.6 (R. Chan and Yeung [31]). Suppose f is a Lipschitz function of
order ν for 0 < ν ≤ 1, or f has a continuous νth derivative for ν ≥ 1. Then there
exists a constant c > 0 which depends only on f and ν such that for large n,

|||e(2k)|||
|||e(0)||| ≤

k∏
p=2

c log2 p

p2ν
.
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2.2 Optimal (circulant) preconditioner
T. Chan in [33] proposed a specific circulant preconditioner called the optimal cir-
culant preconditioner for solving Toeplitz systems. His idea was then extended in
[22, 82] for general matrices. Thus, we begin with the general case. Given a unitary
matrix U ∈ C

n×n, let

MU ≡ {U∗ΛnU | Λn is any n-by-n diagonal matrix}. (2.2)

We note that if U = F , the Fourier matrix, MF is the set of all circulant matrices
[37]. T. Chan’s preconditioner cU (An) for a general matrix An is defined to be the
minimizer of

min
Wn∈MU

‖An − Wn‖F ,

where ‖ · ‖F is the Frobenius norm. Let δ(An) denote the diagonal matrix whose
diagonal is equal to the diagonal of the matrix An. The following theorem includes
some important properties of T. Chan’s preconditioner.

Theorem 2.7. For any arbitrary An = (apq) ∈ C
n×n, let cU (An) be the minimizer

of ‖An − Wn‖F over all Wn ∈ MU . Then the following hold:

(i) cU (An) is uniquely determined by An and is given by

cU (An) = U∗δ(UAnU∗)U. (2.3)

(ii) We have
σmax

(
cU (An)

)
≤ σmax(An),

where σmax(·) denotes the largest singular value.

(iii) If An is Hermitian, then cU (An) is also Hermitian. Furthermore, we have

λmin(An) ≤ λmin
(
cU (An)

)
≤ λmax

(
cU (An)

)
≤ λmax(An),

where λmin(·) and λmax(·) denote the smallest and largest eigenvalues, respec-
tively. In particular, if An is positive definite, then so is cU (An).

(iv) cU is a linear projection operator from C
n×n into MU and has the operator

norms
‖cU‖2 = sup

‖An‖2=1
‖cU (An)‖2 = 1

and
‖cU‖F = sup

‖An‖F=1
‖cU (An)‖F = 1.

(v) When U is the Fourier matrix F , we have

cF (An) =
n−1∑
j=0

( 1
n

∑
p−q≡j( mod n)

apq

)
Qj , (2.4)
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where Q is an n-by-n circulant matrix given by

Q ≡



0 1
1 0

0 1
. . .

...
. . . . . . . . .

0 · · · 0 1 0

 . (2.5)

Proof. We prove (i), (ii), (iii), and (iv). We refer readers to [82] for (v).

(i) Since the Frobenius norm is unitary invariant, we have

‖Wn − An‖F = ‖U∗ΛnU − An‖F = ‖Λn − UAnU∗‖F .

Thus the problem of minimizing ‖Wn − An‖F over MU is equivalent to the
problem of minimizing ‖Λn − UAnU∗‖F over all diagonal matrices. Since Λn

can affect only the diagonal entries of UAnU∗, we see that the solution for the
latter problem is Λn = δ(UAnU∗). Hence U∗δ(UAnU∗)U is the minimizer of
‖Wn − An‖F . It is clear from the argument that Λn and hence cU (An) are
uniquely determined by An.

(ii) Note that the set of the singular values of cU (An) is the same as that of
δ(UAnU∗). We have by Corollary 3.1.3 in [52, p. 149],

|[δ(UAnU∗)]ii| ≤ σmax(UAnU∗) = σmax(An).

Therefore,

σmax(cU (An)) = max
i

|[δ(UAnU∗)]ii| ≤ σmax(An).

(iii) It is clear that cU (An) is Hermitian when An is Hermitian. By (i), we know
that the eigenvalues of cU (An) are given by δ(UAnU∗). Suppose that

δ(UAnU∗) = diag(λ1, . . . , λn)

with
λj = λmin(cU (An)), λk = λmax(cU (An)).

Let ej and ek ∈ R
n denote the jth and the kth unit vectors, respectively. We

have by the Courant–Fischer minimax theorem,

λmin(An) = min
x�=0

x∗Anx
x∗x

= min
x�=0

x∗UAnU∗x
x∗x

≤
e∗

jUAnU∗ej

e∗
jej

= λj = λmin(cU (An))

≤ λmax(cU (An)) = λk =
e∗

kUAnU∗ek

e∗
kek

≤ max
x�=0

x∗UAnU∗x
x∗x

= max
x�=0

x∗Anx
x∗x

= λmax(An).
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(iv) We have by (ii),

‖cU (An)‖2 = σmax(cU (An)) ≤ σmax(An) = ‖An‖2.

However, for the identity matrix In, we have

‖cU (In)‖2 = ‖In‖2 = 1.

Hence ‖cU‖2 = 1. For the Frobenius norm, since

‖cU (An)‖F = ‖δ(UAnU∗)‖F ≤ ‖UAnU∗‖F = ‖An‖F

and ∥∥∥cU

( 1√
n

In

)∥∥∥
F

=
1√
n

‖In‖F = 1,

it follows that ‖cU‖F = 1. �

We note that the matrix cF (An) in (2.4) was first named the optimal circulant
preconditioner for Toeplitz matrices by T. Chan [33] in 1988. It has proven to
be a good preconditioner for solving a large class of Toeplitz systems by the PCG
method; see [22, 24, 55, 66]. For Toeplitz matrices Tn given by (1.1), the diagonals
ck of cF (Tn) are given by

ck =

{ (n − k)tk + ktk−n

n
, 0 ≤ k ≤ n − 1,

cn+k, 0 < −k ≤ n − 1;
(2.6)

see (2.4) and (2.5). The construction of cF (Tn) therefore requires O(n) operations.
In contrast, the construction of cF (An) for general matrices An requires O(n2)
operations in view of (2.4). Algorithm A.3 with pchoice=1 generates the first
column of cF (Tn) and then its eigenvalues ev.

We introduce the following two lemmas [16] in order to analyze the convergence
rate of the PCG method with T. Chan’s preconditioner.

Lemma 2.8. Let f be a function in the Wiener class. Then

lim
n→∞

ρ [s(Tn) − cF (Tn)] = 0,

where ρ[·] denotes the spectral radius.

Proof. By (2.1) and (2.6), it is clear that Bn ≡ s(Tn) − cF (Tn) is circulant with
entries

bk =


k

n
(tk − tk−n), 0 ≤ k ≤ m,

n − k

n
(tk−n − tk), m < k ≤ n − 1.

Here for simplicity, we assume n = 2m. By (1.6), the jth eigenvalue λj(Bn) of Bn

is given by
∑n−1

k=0 bke
2πijk

n , and we therefore have

λj(Bn) ≤ 2
m∑

k=1

k

n
(|tk| + |tk−n|).
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This implies

ρ[Bn] ≤ 2
m∑

k=1

k

n
|tk| + 2

n−1∑
k=m

|tk|.

Since f is in the Wiener class, for all ε > 0, we can always find an M1 > 0 and then
an M2 > M1 such that

∞∑
k=M1+1

|tk| <
ε

6
,

1
M2

M1∑
k=1

k|tk| <
ε

6
.

Thus for all m > M2,

ρ[Bn] <
2

M2

M1∑
k=1

k|tk| + 2
m∑

k=M1+1

|tk| + 2
∞∑

k=m

|tk| < ε. �

Lemma 2.9. Let f ∈ C2π be a positive function. Then the matrices cU (Tn) and
(cU (Tn))−1 are uniformly bounded in the norm ‖ · ‖2.

Proof. Just use the Grenander–Szegö theorem and then Theorem 2.7(iii). �

Note that

(cF (Tn))−1Tn = In + (cF (Tn))−1[Tn − s(Tn)] + (cF (Tn))−1[s(Tn) − cF (Tn)].

By using Theorem 2.2 and Lemmas 2.8 and 2.9, we have the following theorem.

Theorem 2.10. Let f be a positive function in the Wiener class. Then for all
ε > 0, there exist M and N > 0 such that for all n > N , at most M eigenvalues of
(cF (Tn))−1Tn − In have absolute values larger than ε.

Thus the spectrum of (cF (Tn))−1Tn is clustered around 1 for large n. It follows
that the convergence rate of the PCG method is superlinear. In Section 3.1, we will
extend the result in Theorem 2.10 from the Wiener class to C2π .

2.3 Superoptimal preconditioner
Like T. Chan’s preconditioner, the superoptimal preconditioner is defined not only
for Toeplitz matrices but also for general matrices. Thus we begin with the general
case. The idea is to consider a minimization procedure concerning a kind of relative
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error in the matrix sense instead of the absolute error considered in Section 2.2.
More precisely, the superoptimal preconditioner tU (An) for any matrix An is defined
to be the minimizer of

min ‖In − C−1
n An‖F

over all nonsingular matrices Cn ∈ MU , where MU is given by (2.2). We need the
following lemma in order to prove Theorem 2.12, which relates the superoptimal
preconditioner tU (An) with T. Chan’s preconditioner cU (An).

Lemma 2.11. The matrix cU (AnA∗
n) − cU (An)cU (A∗

n) is positive semidefinite.

Proof. Define

Dn ≡ cU (AnA∗
n) − cU (An)cU (A∗

n)
= U∗[δ(UAnA∗

nU∗) − δ(UAnU∗)δ(UA∗
nU∗)]U.

It is sufficient to show that the eigenvalues of Dn, given by

[δ(UAnA∗
nU∗) − δ(UAnU∗)δ(UA∗

nU∗)]kk , k = 1, . . . , n,

are all nonnegative. We notice that

[δ(UAnA∗
nU∗)]kk = [δ(UAnU∗ · UA∗

nU∗)]kk

=
n∑

p=1

(UAnU∗)kp(UA∗
nU∗)pk =

n∑
p=1

(UAnU∗)kp(UAnU∗)kp

≥ (UAnU∗)kk(UAnU∗)kk = [δ(UAnU∗)]kk · [δ(UA∗
nU∗)]kk .

Therefore, the eigenvalues of Dn are all nonnegative. �

Theorem 2.12. Let An ∈ C
n×n be such that both An and cU (An) are nonsingular.

Then the superoptimal preconditioner tU (An) exists and is equal to

tU (An) = cU (AnA∗
n)(cU (A∗

n))−1. (2.7)

Proof. Instead of minimizing ‖I − C−1
n An‖F , we consider the problem of mini-

mizing ‖I − ĈnAn‖F over all nonsingular Ĉn in MU . Let Ĉn = U∗ΛnU . We then
have

‖I − ĈnAn‖F = ‖I − U∗ΛnUAn‖F = ‖I − ΛnUAnU∗‖F

= tr(I − ΛnUAnU∗ − UA∗
nU∗Λ∗

n + ΛnUAnA∗
nU∗Λ∗

n)
= tr[I − Λnδ(UAnU∗) − δ(UA∗

nU∗)Λ∗
n + Λnδ(UAnA∗

nU∗)Λ∗
n],

where tr(M) denotes the trace of the matrix M . Let

Λn ≡ diag(λ1, . . . , λn), δ(UAnU∗) ≡ diag(u1, . . . , un)
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and
δ(UAnA∗

nU∗) ≡ diag(w1, . . . , wn).

We therefore have

min ‖I − ĈnAn‖F

= min
{
tr[I − Λnδ(UAnU∗) − δ(UA∗

nU∗)Λ∗
n + Λnδ(UAnA∗

nU∗)Λ∗
n]
}

= min
{λ1,...,λn}

n∑
k=1

(1 − λkuk − ukλk + λkwkλk).

Notice that by Lemma 2.11, wk ≥ ukūk for k = 1, . . . , n. Hence for all complex
scalars λk, k = 1, . . . , n, the terms

1 − λkuk − ukλk + λkwkλk

are nonnegative. Differentiating them with respect to the real and imaginary parts
of λk and setting the derivatives to zero, we obtain

λk =
uk

wk
, k = 1, . . . , n.

Since An and cU (An) are nonsingular, both wk and uk are nonzero. Hence λk are
also nonzero. Thus the minimizer of ‖I − ĈnAn‖F is nonsingular and is given by

Ĉn = U∗ΛnU = U∗δ(UA∗
nU∗)[δ(UAnA∗

nU∗)]−1U

= U∗δ(UA∗
nU∗)U · [U∗δ(UAnA∗

nU∗)U ]−1

= cU (A∗
n)(cU (AnA∗

n))−1.

Therefore, the superoptimal preconditioner is given by

tU (An) = Ĉ−1
n = cU (AnA∗

n)(cU (A∗
n))−1. �

When U equals the Fourier matrix F , the matrix tF (An) was first named the
superoptimal circulant preconditioner by Tyrtyshnikov [82] in 1992. The construc-
tion of tF (Tn) requires O(n log n) operations for Toeplitz matrices Tn, see [22], and
the construction of tF (An) for general matrices An requires O(n3) operations by
(2.7). Algorithm A.3 with pchoice=12 generates the first column of tF (Tn) and
then its eigenvalues ev.

Now we consider the solution of the Toeplitz system Tnu = b by using
the PCG method with the preconditioner tF (Tn). For Hermitian positive definite
Toeplitz matrix Tn, we have by (2.7),

tF (Tn) = cF (T 2
n)(cF (Tn))−1.

Therefore,

(tF (Tn))−1Tn

= I + (tF (Tn))−1[Tn − cF (Tn)] + (tF (Tn))−1[cF (Tn) − tF (Tn)]
= I + (tF (Tn))−1[Tn − cF (Tn)] + (cF (T 2

n))−1[(cF (Tn))2 − cF (T 2
n)]. (2.8)
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Lemma 2.13. Let the generating function f be a positive function in the Wiener
class. Then for n sufficient large, cF (T 2

n), tF (Tn), and their inverses are all uni-
formly bounded in ‖ · ‖2.

Proof. By the Grenander–Szegö theorem and Theorem 2.7(iii), we have

f2
min ≤ λmin(T 2

n) ≤ λmin(cF (T 2
n)) ≤ λmax(cF (T 2

n)) ≤ λmax(T 2
n) ≤ f2

max.

Therefore,

‖(tF (Tn))−1‖2 = ‖cF (Tn)(cF (T 2
n))−1‖2 ≤ ‖cF (Tn)‖2‖(cF (T 2

n))−1‖2 ≤ fmax

f2
min

and

‖(tF (Tn))‖2 = ‖cF (T 2
n)(cF (Tn))−1‖2 ≤ ‖cF (T 2

n)‖2‖(cF (Tn))−1‖2 ≤ f2
max

fmin
. �

Lemma 2.14. Let f be a function in the Wiener class. Then

lim
n→∞

ρ
[
(cF (Tn))2 − cF (T 2

n)
]

= 0,

where ρ[·] denotes the spectral radius.

The proof of Lemma 2.14 can be found in [23]. By using (2.8), Theorem 2.10,
and Lemmas 2.13 and 2.14, we have the following theorem for the convergence rate
of the PCG method by using tF (Tn).

Theorem 2.15. Let the generating function f be a positive function in the Wiener
class. Then for all ε > 0, there exist M and N > 0 such that for all n > N , at most
M eigenvalues of (tF (Tn))−1Tn − I have absolute values larger than ε.

Hence, if the CG method is applied to the preconditioned system, we can
expect a superlinear convergence rate. We remark that the superoptimal circulant
preconditioner was used by Di Benedetto, Estatico, and Serra Capizzano in 2005 to
solve some ill-conditioned Toeplitz systems arising from image deblurring [5].

2.4 Other preconditioners
In this section, we briefly discuss some other well-known preconditioners which have
proven to be useful in the literature [24, 36, 55, 66].

2.4.1 Huckle’s circulant preconditioner

For Tn given by (1.1), Huckle’s preconditioner h(p)(Tn) proposed in [53] is defined
to be the circulant matrix with eigenvalues

λk(h(p)(Tn)) =
p−1∑

j=−p+1

tj

(
1 − |j|

p

)
e

2πijk
n , k = 0, . . . , n − 1. (2.9)
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When p = n, it is simply T. Chan’s circulant preconditioner. If f > 0 is the
generating function of Tn with Fourier coefficients tk that satisfy

∞∑
k=0

|k||tk|2 < ∞,

then it was proved [53] that the spectra of (h(p)(Tn))−1Tn are clustered around 1
for large n. Thus, the convergence rate of the PCG method is superlinear.

2.4.2 Preconditioners by embedding

Let the Toeplitz matrix Tn be embedded into a 2n-by-2n circulant matrix(
Tn B∗

n

Bn Tn

)
. (2.10)

R. Chan’s [17] circulant preconditioner is defined as r(Tn) = Tn + Bn. Using the
embedding (2.10), Ku and Kuo [59] constructed four different preconditioners K(i),
1 ≤ i ≤ 4, based on different combinations of Tn and Bn. They are

K(1) = Tn + Bn = r(Tn), K(2) = Tn − Bn,

K(3) = Tn + JBn, K(4) = Tn − JBn,

where J is the n-by-n anti-identity (reversal) matrix. Note that K(2), K(3), and
K(4) are not circulant matrices. For the implementation of these preconditioners,
we refer readers to [17, 59] for details.

2.4.3 Noncirculant optimal preconditioners

Besides FFT, many fast transforms are used in scientific computing and engineering.
By letting U in (2.2) be other fast transform matrices, we can have new classes of
optimal preconditioners.

Optimal preconditioner based on sine transform

Let S = MΦs be the set of all n-by-n matrices that can be diagonalized by the
discrete sine transform matrix Φs, i.e.,

S = {ΦsΛnΦs | Λn is any n-by-n diagonal matrix}.

Here the (j, k)th entry of Φs is given by√
2

n + 1
sin

(
πjk

n + 1

)
for 1 ≤ j, k ≤ n. Given any arbitrary matrix An ∈ C

n×n, we define the operator
Ψs which maps An to Ψs(An) that minimizes ‖An − Bn‖F over all Bn ∈ S; see [9].
For the construction of Ψs(An), we refer readers to [25].
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Optimal preconditioner based on cosine transform

Let C = MΦc be the set of all n-by-n matrices that can be diagonalized by the
discrete cosine transform matrix Φc, i.e.,

C = {(Φc)T ΛnΦc | Λn is any n-by-n diagonal matrix}.

Here the (j, k)th entry of Φc is given by√
2 − δj1

n
cos

(
(j − 1)(2k − 1)π

2n

)
for 1 ≤ j, k ≤ n. The symbol δjk is the Kronecker delta defined by

δjk =
{

1, j = k,
0, j 	= k.

Given any arbitrary matrix An ∈ C
n×n, we define the operator Ψc which maps An

to Ψc(An) that minimizes ‖An − Bn‖F over all Bn ∈ C; see [20]. The construction
of Ψc(An) is also given in [20].

Optimal preconditioner based on Hartley transform

Let H = MΦh be the set of all n-by-n matrices that can be diagonalized by the
discrete Hartley transform matrix Φh, i.e.,

H = {ΦhΛnΦh | Λn is any n-by-n diagonal matrix}.

Here the (j, k)th entry of Φh is given by

1√
n

cos
(

2π(j − 1)(k − 1)
n

)
+

1√
n

sin
(

2π(j − 1)(k − 1)
n

)
for 1 ≤ j, k ≤ n. Given any arbitrary matrix An ∈ C

n×n, we define the operator Ψh

which maps An to Ψh(An) that minimizes ‖An − Bn‖F over all Bn ∈ H; see [10].
The construction of Ψh(An) is also given in [10].

Convergence result and operation cost

Let f ∈ C2π be a positive even function. We can show that the spectra of
(Ψα(Tn))−1Tn are clustered around 1 for large n, where α = s, c, h; see [12, 20,
25, 54]. Thus, the convergence rate of the PCG method is superlinear. In each
iteration of the PCG method, we have to compute the matrix-vector multiplica-
tions Tnv and (Ψα(Tn))−1w for some vectors v and w; see Section 1.3.1. We have
already known that Tnv can be computed in O(n log n) operations. Like circulant
systems, the vector (Ψα(Tn))−1w = ΦαΛ−1

n Φαw can also be computed in O(n log n)
operations by using the fast sine transform for α = s, the fast cosine transform for
α = c, or the fast Hartley transform for α = h. Thus, the complexity of the PCG
algorithm remains O(n log n).
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2.4.4 Band-Toeplitz preconditioners

R. Chan and Tang proposed in [28] to use band-Toeplitz matrices Bn as precon-
ditioners for solving symmetric positive definite Toeplitz systems Tnu = b by the
PCG method, where Tn are assumed to be generated by a function f ∈ C+

2π with
zeros. By Theorem 1.13, we know that Tn is ill-conditioned. Let g be the generating
function of a band-Toeplitz matrix Bn. The function g is constructed not only to
match the zeros of f but also to minimize∣∣∣∣∣∣f − g

f

∣∣∣∣∣∣
∞

,

where for all p ∈ C2π,
‖p‖∞ ≡ max

−π≤x≤π
|p(x)|

is the supremum norm. We remark that C2π is a Banach space with the supremum
norm. R. Chan and Tang proved the following theorem, which gives a bound on
the condition number of the preconditioned matrix B−1

n Tn.

Theorem 2.16. Let f ∈ C+
2π be the generating function of Tn with zeros and g be

the generating function of a band-Toeplitz matrix Bn:

g(x) =
N∑

k=−N

bkeikx

with b−k = b̄k. If ∣∣∣∣∣∣f − g

f

∣∣∣∣∣∣
∞

= h < 1,

then Bn is positive definite and

κ(B−1
n Tn) ≤ 1 + h

1 − h

for all n > 0.

Proof. By the assumption, we have

f(x)(1 − h) ≤ g(x) ≤ f(x)(1 + h)

for any x ∈ [−π, π]. It is clear that g(x) ≥ 0. By Theorem 1.13, Bn is positive
definite for all n > 0. Since both Tn and Bn are Toeplitz matrices, we have

v∗Tnv =
1
2π

∫ π

−π

∣∣∣ n−1∑
k=0

vke−ikx
∣∣∣2f(x)dx

and

v∗Bnv =
1
2π

∫ π

−π

∣∣∣ n−1∑
k=0

vke−ikx
∣∣∣2g(x)dx,
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where
0 	= v = (v0, v1, . . . , vn−1)T ∈ C

n.

Hence, we obtain

(1 − h)v∗Tnv ≤ v∗Bnv ≤ (1 + h)v∗Tnv,

i.e.,
1

1 + h
≤ v∗Tnv

v∗Bnv
≤ 1

1 − h
.

By the Courant–Fischer minimax theorem, we know that

1
1 + h

≤ λmin(B−1
n Tn) ≤ λmax(B−1

n Tn) ≤ 1
1 − h

.

We then have
κ(B−1

n Tn) ≤ 1 + h

1 − h
. �

By using Theorem 1.9, we see that |||e(k)|||/|||e0||| ≤ τ , the tolerance, if the
number of iterations

k >
1
2

√
1 + h

1 − h
log

(2
τ

)
.

The function g could be found by a version of the Remez algorithm with O(N3)
operations. We stress that the construction of g is independent of n. Since h can
be found explicitly in the Remez algorithm, we have a priori bound on the number
of iterations for convergence.

To avoid the use of the Remez algorithm, Serra proposed in [70] to use the
Chebyshev interpolation to construct g. We refer readers to [72] for a comparison
between the optimal preconditioners based on fast transforms and the band-Toeplitz
preconditioners.

2.4.5 {ω}-circulant preconditioner

Potts and Steidl proposed in [68] to use {ω}-circulant preconditioners to handle
ill-conditioned Toeplitz systems Tnu = b. Here the generating function f of Tn is
in C+

2π with zeros in [−π, π]. The preconditioner Pn is constructed as follows. We
choose uniform grids

xk = wn +
2πk

n
,

where wn ∈ [−π, −π + 2π/n) such that

f(xk) 	= 0, k = 0, . . . , n − 1.

Note that the choice of the grids requires some prior information about the zeros
of f . Consider the preconditioner defined as

Pn = Ω∗
nF ∗

nΛnFnΩn, (2.11)
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where Fn is the Fourier matrix,

Ωn = diag(1, ewni, e2wni, . . . , e(n−1)wni),

and
Λn = diag(f(x0), f(x1), f(x2), . . . , f(xn−1)). (2.12)

The preconditioner Pn has the following properties (see [68]):

(i) Pn is Hermitian positive definite if f ≥ 0.

(ii) Pn is an {enwni}-circulant matrix [37]. Notice that {enwni}-circulant matrices
are Toeplitz matrices with the first entry of each column obtained by multi-
plying the last entry of the preceding column by enwni.

(iii) Similar to that of circulant matrices, once the diagonal matrix Λn in (2.11) is
obtained, the products of Pny and P−1

n y for any vector y can be computed
by FFTs in O(n log n) operations.

(iv) In view of (2.11), Pn can be constructed in O(n log n) operations.

(v) The eigenvalues of P−1
n Tn are clustered around 1 and bounded away from

zero.

The PCG method, when applied to the preconditioned system with the precondi-
tioner Pn, will converge superlinearly. Therefore, the total complexity in solving
the preconditioned system remains O(n log n).

Before the end of this section, we remark that R. Chan, Yip, and Ng [32]
proposed a new family of circulant preconditioners called the best circulant precon-
ditioner to solve ill-conditioned Toeplitz systems in 2001. Unlike Bn or Pn, the best
circulant preconditioner can be constructed by using only the entries of the given
matrix and does not require the explicit knowledge of the generating function f ;
see Chapter 4 for details.

2.5 Examples
In this section, we apply the PCG method with preconditioners s(Tn), cF (Tn), and
tF (Tn) to the Toeplitz system Tnu = b with

tk =


1 +

√
−1

(1 + k)1.1 , k > 0,

2, k = 0,

t̄−k, k < 0.

The right-hand side b is the vector of all ones, and the underlying generating func-
tion f is given by

f(x) = 2
∞∑

k=0

sin(kx) + cos(kx)
(1 + k)1.1 . (2.13)
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Clearly f is in the Wiener class. The MATLAB command to generate the first
column of Tn is given in A.2 with fchoice=1. We should emphasize that in
all our tests in the book, the zero vector is the initial guess and the stopping
criterion is

‖r(k)‖2

‖r(0)‖2
< 10−7,

where r(k) is the residual vector after the kth iteration.
Table 2.1 shows the number of iterations required for convergence. The symbol

I there signifies that no preconditioner is used. We see that as n increases, the
number of iterations increases like O(log n) for the original matrix Tn, while it
stays almost the same for the preconditioned matrices. Moreover, all preconditioned
systems converge at the same rate for large n. The MATLAB programs used to
generate Table 2.1 can be found in the appendix; see A.1–A.3 and A.5–A.7. To use
them, one just has to run the algorithm A.1. It will prompt for the input of three
parameters: n, the size of the system; pchoice, the choice of the preconditioner
(e.g., enter 2 for Strang’s preconditioner); and fchoice, the generating function
used (in this case, we choose 1 for (2.13)).

To further illustrate Corollary 2.3 and Theorems 2.10 and 2.15, we give in
Figure 2.1 the spectra of the matrices Tn, (s(Tn))−1Tn, (cF (Tn))−1Tn, and
(tF (Tn))−1Tn for n = 32. We can see that the spectra of the preconditioned matrices
are in a small interval around 1, except for few outliers, and that all the eigenvalues
are well separated away from 0.

Table 2.1. Preconditioners used and number of iterations.

n I s(Tn) cF (Tn) tF (Tn)
32 15 7 6 8
64 17 7 7 7
128 19 7 7 7
256 20 7 7 7
512 21 7 7 7
1024 22 8 8 7
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Figure 2.1. Spectra of preconditioned matrices when n = 32.



Chapter 3

Unified treatment from
kernels

In this chapter, a unified treatment for constructing circulant preconditioners from
the viewpoint of kernels is given [30]. We show that most of the well-known circulant
preconditioners can be obtained from convoluting the generating function of the
given Toeplitz matrix with some famous kernels. A convergence analysis is given
together with some numerical examples.

3.1 Introduction
In this chapter, we use the symbol C2π to denote the Banach space of all 2π-periodic
continuous real-valued functions f equipped with the supremum norm ‖ · ‖∞. We
first extend the result in Theorem 2.10 from the Wiener class to C2π [29], as it will
be used later to develop our theory. In the following, we use Tn(f) to denote the
n-by-n Toeplitz matrix generated by f ; i.e., the diagonals of Tn(f) are the Fourier
coefficients of f (see (1.8)).

Theorem 3.1. Let f ∈ C2π. Then for all ε > 0, there exist M and N > 0 such
that for all n > N , at most M eigenvalues of Tn(f)−cF (Tn(f)) have absolute values
larger than ε.

Proof. Since f ∈ C2π, for any ε > 0, by the Weierstrass approximation theorem
[58, p. 15], there is a trigonometric polynomial

pN (x) =
N∑

k=−N

bkeikx

with b−k = b̄k for |k| ≤ N such that

‖f − pN‖∞ ≤ ε. (3.1)

35
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For all n > 2N , we have

cF (Tn(f)) − Tn(f)
= cF (Tn(f − pN )) − Tn(f − pN ) + cF (Tn(pN )) − Tn(pN ). (3.2)

For the first two terms in the right-hand side of (3.2), we note that by Theo-
rem 2.7(iv), the Grenander–Szegö theorem, and (3.1),

‖cF (Tn(f − pN )) − Tn(f − pN )‖2

≤ ‖cF (Tn(f − pN ))‖2 + ‖Tn(f − pN )‖2

≤ ‖cF ‖2 · ‖Tn(f − pN )‖2 + ‖Tn(f − pN )‖2

≤ ‖f − pN‖∞ + ‖f − pN‖∞ ≤ 2ε.

Since pN is a real-valued function in the Wiener class, we know that the matrix
cF (Tn(pN )) − Tn(pN ) has a clustered spectrum; see Section 2.2. Hence by using
Weyl’s theorem, the result follows. �
Since

(cF (Tn))−1Tn − In = (cF (Tn))−1[Tn − cF (Tn)
]
,

by Lemma 2.9, we have the following corollary.

Corollary 3.2. Let Tn be a Toeplitz matrix with a positive generating function
f ∈ C2π. Then for all ε > 0, there exist M and N > 0 such that for all n > N ,
at most M eigenvalues of the matrix (cF (Tn))−1Tn − In have absolute values larger
than ε.

It follows that the convergence rate of the PCG method is superlinear. This
result will be used in Section 3.4 for the convergence analysis of preconditioners
derived by kernels. We remark that by using the relation (2.7) between cF (Tn)
and tF (Tn), one can also extend the result in Theorem 2.15 for tF (Tn) from the
Wiener class to C2π; see [6]. In the next section, we relate some of the circulant
preconditioners discussed in Chapter 2 with well-known kernels in function theory.

3.2 Kernels of some circulant preconditioners
Let tk be the Fourier coefficients of f as defined in (1.8). The jth partial sum of f
is defined as

sj [f ](x) ≡
j∑

k=−j

tkeikx, x ∈ R. (3.3)

Let us recall the relationship between the first column of a circulant matrix and its
eigenvalues. Let Cn be a circulant matrix with the first column

(c0, c1, . . . , cn−1)T .

Then by (1.6), the eigenvalues of Cn can be written as follows:

λj(Cn) = (Λn)jj =
n−1∑
k=0

ckζk
j (3.4)
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with ζj ≡ e
2πij

n , for j = 0, . . . , n − 1. Conversely, if the eigenvalues of Cn are given,
then the first column of Cn can be obtained by using (1.5). Note that

ζn−k
j = ζ−k

j = ζ̄k
j , 0 ≤ j, k ≤ n − 1. (3.5)

3.2.1 Strang’s circulant preconditioner s(Tn(f))

Given Tn(f) as in (1.1), the corresponding Strang’s preconditioner s(Tn(f)) is de-
fined by (2.1). Using (3.4), (3.5), and then (3.3), we see that the eigenvalues of
s(Tn(f)) are equal to

λj [s(Tn(f))] =
m∑

k=0

tkζk
j +

n−1∑
k=m+1

tk−nζk
j

=
m∑

k=0

tkζk
j +

m∑
k=1

t−kζ−k
j

=
m∑

k=0

tkζk
j +

−1∑
k=−m

tkζk
j

= sm[f ]
(2πj

n

)
, 0 ≤ j ≤ n − 1.

Here we assume for simplicity that n = 2m + 1. If n = 2m, then we define the
(m, 0)th entry in s(Tn(f)) to be zero, and the equality still holds.

From Fourier analysis (see Zygmund [89, p. 49], for instance), the partial sum
sm[f ] defined in (3.3) is given by the convolution of f with the Dirichlet kernel
Dm, i.e.,

sm[f ](x) =
1
2π

∫ π

−π

Dm(y)f(x − y)dy ≡ (Dm ∗ f)(x), (3.6)

where

Dk(x) =
sin(k + 1

2 )x
sin(x

2 )
=

k∑
p=−k

eipx, k = 0, 1, . . . .

Thus the eigenvalues of s(Tn(f)) can be expressed as

λj [s(Tn(f))] = (Dm ∗ f)
(2πj

n

)
, 0 ≤ j ≤ n − 1.

3.2.2 T. Chan’s circulant preconditioner cF (Tn(f))

Given Tn(f) as in (1.1), the entries in the first column of the corresponding T. Chan’s
preconditioner cF (Tn(f)) are given by

[
cF (Tn(f))

]
k0 =

(n − k)tk + kt̄n−k

n
, 0 ≤ k ≤ n − 1;
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see (2.6). By (3.4) and (3.5) again, the eigenvalues of cF (Tn(f)) are given by

λj [cF (Tn(f))] =
n−1∑
k=0

n − k

n
tkζk

j +
n−1∑
k=1

k

n
t̄n−kζk

j

=
n−1∑
k=0

n − k

n
tkζk

j +
n−1∑
k=1

n − k

n
t̄k ζ̄k

j

=
n−1∑
k=0

n − k

n
tkζk

j +
−1∑

k=−(n−1)

n − |k|
n

tkζk
j

=
1
n

n−1∑
k=−(n−1)

(n − |k|)tkζk
j , 0 ≤ j ≤ n − 1.

We note that this is a Cesàro summation process of order 1 for the Fourier series
of f ; see Zygmund [89, p. 76]. Using the definition of partial sum and after some
rearrangements of the terms, we get

λj [cF (Tn(f))] =
1
n

n−1∑
k=0

sk[f ]
(2πj

n

)
, 0 ≤ j ≤ n − 1.

Thus the eigenvalues of cF (Tn(f)) are just the values of the arithmetic mean of the
first n partial sums of f at 2πj/n. It is well-known that this arithmetic mean is
given by the convolution of f with the Fejér kernel Fn, i.e.,

1
n

n−1∑
k=0

sk[f ](x) =
1
2π

∫ π

−π

Fn(y)f(x − y)dy ≡ (Fn ∗ f)(x), (3.7)

where

Fk(x) =
1
k

[
sin(kx

2 )
sin(x

2 )

]2

=
k−1∑

p=−k+1

k − |p|
k

eipx, k = 1, 2, . . . ; (3.8)

see Zygmund [89, p. 88]. Thus the eigenvalues of cF (Tn(f)) can also be expressed as

λj [cF (Tn(f))] = (Fn ∗ f)
(2πj

n

)
, 0 ≤ j ≤ n − 1. (3.9)

3.2.3 R. Chan’s circulant preconditioner r(Tn(f))
Given Tn(f) as in (1.1), R. Chan’s circulant preconditioner r(Tn(f)) has the first
column given by

[
r(Tn(f))

]
k0 =

{
t0, k = 0,
tk + t̄n−k, 0 < k ≤ n − 1;
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see Section 2.4.2. Thus the eigenvalues of r(Tn(f)) are given by

λj [r(Tn(f))] = t0 +
n−1∑
k=1

(tk + t̄n−k)ζk
j

= t0 +
n−1∑
k=1

tkζk
j +

n−1∑
k=1

t̄k ζ̄k
j

= t0 +
n−1∑
k=1

tkζk
j +

−1∑
k=−(n−1)

tkζk
j

= sn−1[f ]
(2πj

n

)
, 0 ≤ j ≤ n − 1.

Using (3.6), we have

λj [r(Tn(f))] = (Dn−1 ∗ f)
(2πj

n

)
, 0 ≤ j ≤ n − 1. (3.10)

3.2.4 Huckle’s circulant preconditioner h(p)(Tn(f))

Given any 0 < p < n, Huckle’s circulant preconditioner h(p)(Tn(f)) is defined to be
the circulant matrix with eigenvalues given by

λj [h(p)(Tn(f))] =
1
p

p∑
k=−p

(p − |k|)tkζk
j , 0 ≤ j ≤ n − 1;

see Section 2.4.1. The sum is also a Cesàro summation process of order 1 for the
Fourier series of f . In fact, using (3.7) and after some simplifications, we have

λj [h(p)(Tn(f))] =
1
p

p−1∑
k=0

sk[f ]
(2πj

n

)
= (Fp ∗ f)

(2πj

n

)
, 0 ≤ j ≤ n − 1.

3.2.5 Ku and Kuo’s preconditioner K(2)

One of the preconditioners proposed in Ku and Kuo [59] is the skew-circulant matrix
which, using our notation in Section 2.4.2, can be written as

K(2)(f) = 2Tn(f) − r(Tn(f)).

Notice that if Θn is the n-by-n diagonal matrix given by

Θn = diag
(
1, e

πi
n , e

2πi
n , . . . , e

(n−1)πi
n

)
,

then Θ∗
nK(2)(f)Θn is a circulant matrix. Actually, this property holds for any

skew-circulant matrix [37]. By (3.4) and (3.5) again, it is then straightforward to
verify that

λj(K(2)(f)) = λj(Θ∗
nK(2)(f)Θn) = sn−1[f ]

(2πj

n
− π

n

)
= (Dn−1 ∗ f)

(2πj

n
− π

n

)
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for 0 ≤ j ≤ n − 1. Comparing this with (3.10), we see that the eigenvalues of
K(2)(f) and the eigenvalues of r(Tn(f)) are just the values of Dn−1 ∗ f sampled at
different points in an interval of length 2π.

3.3 Preconditioners from kernels
In this section, we apply the idea explored in Section 3.2 to design other circulant
preconditioners from kernels that are commonly used in function theory and signal
processing. These kernels are listed in Table 3.1; see Hamming [44], Natanson [65,
p. 58], and Walker [85, p. 88].

In the following, we will use the symbol K(x) to denote a generic kernel defined
on [−π, π]. The notation Cn(K ∗ f) denotes the circulant matrix with eigenvalues
given by

λj(Cn(K ∗ f)) = (K ∗ f)
(2πj

n

)
, 0 ≤ j ≤ n − 1. (3.11)

Using this notation, we can rewrite Strang’s, T. Chan’s, and R. Chan’s circulant
preconditioners as

s(Tn(f)) = Cn(Dm ∗ f), cF (Tn(f)) = Cn(Fn ∗ f), r(Tn(f)) = Cn(Dn−1 ∗ f),

respectively.
The first column of Cn(K ∗ f) can be obtained by using (1.5) if we exactly

know the values of
(K ∗ f)

(2πj

n

)
, 0 ≤ j ≤ n − 1,

Table 3.1. Some kernels and their definitions.

Kernel K(x)

Modified Dirichlet
1
2

[Dn−1(x) + Dn−2(x)]

de la Vallée Poussin 2F2
n/2�(x) − F
n/2�(x)

von Hann
1
4
[
Dn−1(x − π

n ) + 2Dn−1(x) + Dn−1(x + π
n )
]

Hamming 0.23
[
Dn−1(x − π

n ) + Dn−1(x + π
n )
]
+ 0.54Dn−1(x)

Bernstein
1
2
[
Dn−1(x) + Dn−1(x + π

n )
]
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or otherwise by using the following construction process. Let us illustrate the
process by using the de la Vallée Poussin’s kernel which is defined as

K(x) = 2F2m(x) − Fm(x),

where Fk is the Fejér kernel and m = �n/2�. For simplicity, let us consider the case
where n = 2m. By using (3.7), (3.5), and then (3.3), we have

(K ∗ f)
(2πj

n

)
= 2(F2m ∗ f)

(2πj

n

)
− (Fm ∗ f)

(2πj

n

)
= 2

s0[f ] + · · · + s2m−1[f ]
2m

(2πj

n

)
− s0[f ] + · · · + sm−1[f ]

m

(2πj

n

)
=

1
m

{sm[f ] + · · · + s2m−1[f ]}
(2πj

n

)
= sm[f ]

(2πj

n

)
+

2
n

[
2m−1∑

k=m+1

(n − k)tkζk
j +

2m−1∑
k=m+1

(n − k)t̄k ζ̄k
j

]

=
m∑

k=0

(
tk +

2k

n
t̄n−k

)
ζk
j +

2m−1∑
k=m+1

[2(n − k)
n

tk + t̄n−k

]
ζk
j .

Hence the first column of Cn(K ∗ f) is given by

[Cn(K ∗ f)]k0 =


tk +

2k

n
t̄n−k, 0 ≤ k ≤ m,

2(n − k)
n

tk + t̄n−k, m < k ≤ n − 1.

Table 3.2 lists the first column of the circulant preconditioners from the kernels
in Table 3.1. Since the first entry [Cn(K ∗ f)]00 is always equal to t0, it is omitted
from the table. Algorithm A.3 with pchoice equalling 4 to 8 generates the first
columns and then the eigenvalues of these preconditioners.

3.4 Clustering properties
In this section, we discuss the convergence property of the preconditioned systems
with circulant preconditioners derived from kernels. We will show that if the con-
volution product K ∗ f tends to the generating function f uniformly, then the
corresponding preconditioned matrix C−1

n Tn will have a clustered spectrum. From
Fourier analysis (see Zygmund [89, p. 89]), we know that for the Fejér kernel Fn,
Fn ∗ f tends to f uniformly on [−π, π] for all f in C2π. Hence the preconditioned
matrix (cF (Tn))−1Tn(f) should have a clustered spectrum for all f ∈ C2π. This
has already been proven in Corollary 3.2. For general K, we start with the following
lemma.

Lemma 3.3. Let f ∈ C2π and K be a kernel such that K ∗ f tends to f uniformly
on [−π, π]. If Cn(K ∗ f) is the circulant matrix with eigenvalues given by (3.11),
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Table 3.2. The first column of circulant preconditioners from kernels.

Kernel [Cn(K ∗ f)]k0, 1 ≤ k ≤ n − 1

Modified Dirichlet


t1 + 1

2 t̄n−1, k = 1,

tk + t̄n−k, 2 ≤ k ≤ n − 2,
1
2 tn−1 + t̄1, k = n − 1.

de la Vallée Poussin


tk + k

m t̄2m−k, 1 ≤ k ≤ m,
2m−k

m tk + t̄2m−k, m < k < 2m, m = �n/2�,
0, k = 2m.

von Hann cos2
(

πk
2n

)
tk + cos2

(π(n−k)
2n

)
t̄n−k

Hamming

[
0.54 + 0.46 cos2

(
πk
n

)]
tk

+
[
0.54 + 0.46 cos2

(π(n−k)
n

)]
t̄n−k

Bernstein
1
2

[
(1 + e

iπk
n )tk + (1 − e

iπk
n )t̄n−k

]

then for all ε > 0, there exist M and N > 0 such that for all n > N , at most M
eigenvalues of Tn(f) − Cn(K ∗ f) have absolute values greater than ε.

Proof. We first write

Tn(f) − Cn(K ∗ f) = [Tn(f) − cF ((Tn(f))] + [cF (Tn(f)) − Cn(K ∗ f)],

where cF (Tn(f)) = Cn(Fn ∗ f) is T. Chan’s circulant preconditioner. In view of
Theorem 3.1, it suffices to show that

lim
n→∞

‖cF (Tn(f)) − Cn(K ∗ f)‖2 = 0. (3.12)

Since cF (Tn(f)) and Cn(K ∗ f) are both circulant matrices and hence can be diag-
onalized by the same Fourier matrix Fn, we see that (3.12) is equivalent to

lim
n→∞

max
0≤j≤n−1

|λj(Cn(Fn ∗ f)) − λj(Cn(K ∗ f))| = 0. (3.13)
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However, by (3.9) and (3.11), we have

max
0≤j≤n−1

|λj(Cn(Fn ∗ f)) − λj(Cn(K ∗ f))|

= max
0≤j≤n−1

∣∣∣(Fn ∗ f)
(2πj

n

)
− (K ∗ f)

(2πj

n

)∣∣∣
≤ ‖Fn ∗ f − K ∗ f‖∞ ≤ ‖Fn ∗ f − f‖∞ + ‖f − K ∗ f‖∞.

Since Fn ∗ f and K ∗ f both converge to f uniformly, (3.13) follows. �
Next we show that if f is positive, then Cn(K ∗ f) is positive definite and

uniformly invertible for large n.

Lemma 3.4. Let f ∈ C2π with the minimum value fmin > 0 and K be a kernel
such that K∗f tends to f uniformly on [−π, π]. If Cn(K∗f) is the circulant matrix
with eigenvalues given by (3.11), then for all n sufficiently large, we have

λj(Cn(K ∗ f)) ≥ 1
2
fmin > 0, 0 ≤ j ≤ n − 1.

Proof. Since K ∗ f converges to f uniformly and fmin > 0, there exists an N > 0
such that for all n > N and 0 ≤ j ≤ n − 1,∣∣∣(f − K ∗ f)

(2πj

n

)∣∣∣ ≤ ‖f − K ∗ f‖∞ ≤ 1
2
fmin.

Thus by (3.11), we have

λj(Cn(K ∗ f)) = (K ∗ f − f)
(2πj

n

)
+ f

(2πj

n

)
≥ fmin − (f − K ∗ f)

(2πj

n

)
≥ 1

2
fmin, 0 ≤ j ≤ n − 1. �

Combining Lemmas 3.3 and 3.4, we have the main theorem, namely that the
spectrum of C−1

n Tn is clustered around one.

Theorem 3.5. Let f ∈ C2π be positive and K be a kernel such that K ∗ f tends to
f uniformly on [−π, π]. If Cn(K ∗ f) is the circulant matrix with eigenvalues

λj(Cn(K ∗ f)) = (K ∗ f)
(2πj

n

)
, 0 ≤ j ≤ n − 1,

then for all ε > 0, there exist M and N > 0 such that for all n > N , at most M
eigenvalues of In − C−1

n (K ∗ f)Tn(f) have absolute values greater than ε.

Proof. We just note that

In − C−1
n (K ∗ f)Tn(f) = C−1

n (K ∗ f)[Cn(K ∗ f) − Tn(f)]. �

It follows clearly from Theorem 3.5 that the PCG method converges super-
linearly. We remark that this unifying approach for the construction of circulant
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preconditioners transforms the problem of finding preconditioners to the problem of
approximating the generating functions. It gives us a guideline for choosing a good
preconditioner for a given generating function. According to Theorem 3.5, the circu-
lant preconditioner generated by the delta function δ must be a good preconditioner
since δ ∗ f = f . By (3.11), the preconditioner can be written as follows:

Cn(δ ∗ f) = F ∗
ndiag

(
f(0), f

(2π

n

)
, . . . , f

(2(n − 1)π
n

))
Fn. (3.14)

In Chapter 4, we will use this kernel approach to construct the best circulant pre-
conditioner for ill-conditioned Toeplitz systems.

3.5 Examples
In this section, we test the convergence rate of the preconditioned systems with
generating functions given by the Hardy–Littlewood series:

Hα(x) =
∞∑

k=1

(
eik log k

kα
eikx +

e−ik log k

kα
e−ikx

)
;

see Zygmund [89, p. 197]. It converges uniformly to a function in C2π when α > 0.5.
In the examples below, we investigate the convergence rate of the preconditioned
systems for α = 1.0 and 0.5.

We remark that in general, Hα(x) is not a positive function in [−π, π]. In
fact, we find numerically that when n = 512, the minimum values of the par-
tial sum sn[Hα](x) are approximately equal to −4.146 and −6.492 for α = 1.0
and 0.5, respectively. Thus, in the experiments, we choose the functions H1(x) +
4.2 and H0.5(x) + 6.5 as our generating functions. Eight different circulant pre-
conditioners are tested. As before, the right-hand side b is the vector of all
ones. Tables 3.3 and 3.4 show the number of iterations required for convergence.
They can be reproduced by running A.1 with three parameters: n, the size of the
system; pchoice, the choice of the preconditioner; and fchoice, 2 or 3 for Table 3.3
or 3.4, respectively.

Table 3.3. Number of iterations for f(x) = H1(x) + 4.2.

Preconditioner n
used 32 64 128 256 512 1024

I 18 27 43 51 58 56
Cn(Dm ∗ f) 9 9 9 9 9 9
Cn(Fn ∗ f) 10 11 11 10 9 9

Cn(Dn−1 ∗ f) 10 9 9 9 9 9
Modified Dirichlet 10 9 9 9 9 9

de la Vallée Poussin 9 9 9 9 9 9
von Hann 9 9 9 9 9 9
Bernstein 10 10 9 9 9 9
Hamming 9 9 9 9 9 9
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Table 3.4. Number of iterations for f(x) = H0.5(x) + 6.5.

Preconditioner n
used 32 64 128 256 512 1024

I 18 29 44 66 67 68
Cn(Dm ∗ f) 11 14 16 16 15 15
Cn(Fn ∗ f) 12 13 14 15 14 15

Cn(Dn−1 ∗ f) 12 14 16 17 15 18
Modified Dirichlet 12 14 16 16 15 17

de la Vallée Poussin 11 14 15 16 15 15
von Hann 11 12 13 15 15 15
Bernstein 12 14 14 16 15 15
Hamming 11 13 14 16 15 15

From the tables, we see that as n increases, the number of iterations increases
for the original matrix Tn, while it stays almost the same for the preconditioned
matrices. Moreover, all preconditioned systems converge at the same rate for large
n. We also see that the convergence rate depends on the degree of smoothness of the
generating function. Finally, we notice that for small n, some of the preconditioners
may have negative eigenvalues. However, it is interesting to note that the PCG
method still converges in these cases.





Chapter 4

Ill-conditioned Toeplitz
systems

In Sections 2.4.4 and 2.4.5, the band-Toeplitz preconditioner Bn and the {ω}-
circulant preconditioner Pn are proposed for solving ill-conditioned problems. It
was proved in [28, 68] that they work well for some ill-conditioned Toeplitz systems
with the generating function f having finitely many zeros. The basic idea behind
these preconditioners is to find a function g that matches the zeros of f . However,
the major drawback of these preconditioners is that they need f explicitly. For
instance, to form Pn in (2.11), we need to know f in order to construct a Λn de-
fined by (2.12). Similarly, in (3.14), δ is a good kernel to construct a good circulant
preconditioner. However, we also need f explicitly. In contrast, to form Strang’s
preconditioner or T. Chan’s preconditioner from a given Toeplitz matrix Tn, we
need only the entries {tj}|j|<n from the matrix. We do not need to know all the
Fourier coefficients of f or the function f itself.

In this chapter, a family of new circulant preconditioners is derived for ill-
conditioned Toeplitz systems with the generating function having a single zero.
These preconditioners are called the best circulant preconditioners in [32]. The idea
is to look for some sequences of trigonometric polynomials converging to the delta
function δ. Then we use those polynomials as kernels to construct the precondi-
tioners as we did in Chapter 3. More precisely, we will construct preconditioners
by approximating f with the convolution product K ∗ f that matches the zero of f
and depends only on {tj}|j|<n.

4.1 Construction of preconditioner
Let Tn(f) be an n-by-n Hermitian positive definite Toeplitz matrix with entries
defined again by the Fourier coefficients of a function f ∈ C+

2π,

tk =
1
2π

∫ π

−π

f(x)e−ikx dx, k = 0,±1,±2, . . . .

We recall that x0 is a zero of f of order q if f(x0) = 0 and q is the smallest positive
even integer such that f (q)(x0) 	= 0 and f (q+1)(x) is continuous in a neighborhood

47



48 Chapter 4. Ill-conditioned Toeplitz systems

of x0. We remark that the condition number of Tn(f) generated by such a function
f grows like O(nq); see Theorem 1.13 and [71]. In this chapter, we will consider
only f having a single zero. For the general case where f has more than one zero,
we refer readers to [26].

In the following, we will use the generalized Jackson kernels

Km,2r(x) ≡ km,2r

m2r−1

[
sin(mx

2 )
sin(x

2 )

]2r

, r = 1, 2, . . . , (4.1)

to construct the circulant preconditioners. Here km,2r is a normalization constant
such that

1
2π

∫ π

−π

Km,2r(x)dx = 1.

It is known that km,2r is bounded above and below by constants independent of
m; see [64, p. 57] or (4.10) below. Note that Km,2(x) is the Fejér kernel Fm and
Km,4(x) is called the Jackson kernel; see [64].

For any m, the Fejér kernel Km,2(x) = Fm can be expressed as

Km,2(x) =
m−1∑

k=−m+1

b
(m,2)
k eikx,

where

b
(m,2)
k =

m − |k|
m

, |k| ≤ (m − 1);

see (3.8). By (4.1), we see that Km,2r(x) is the rth power of Km,2(x) up to a scaling.
Hence we have

Km,2r(x) =
r(m−1)∑

k=−r(m−1)

b
(m,2r)
k eikx, (4.2)

where the coefficients b
(m,2r)
k can be obtained by convoluting the vector(

b
(m,2)
−m+1, . . . , b

(m,2)
0 , . . . , b

(m,2)
m−1

)T

=
(

1
m

,
2
m

, . . . , 1, . . . ,
2
m

,
1
m

)T

with itself for r−1 times. This can be done by FFTs; see [75, pp. 294–296] and also
Algorithm A.4 in the appendix. Note that the cost of computing the coefficients
{b

(m,2r)
k } for all |k| ≤ r(m − 1) is of order O(rm log m) operations.

We recall that the convolution product of two arbitrary functions

g(x) =
∞∑

k=−∞
bkeikx and h(x) =

∞∑
k=−∞

ckeikx

in C2π can be written as

(g ∗ h)(x) ≡ 1
2π

∫ π

−π

g(t)h(x − t)dt =
∞∑

k=−∞
bkckeikx. (4.3)
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For a given n-by-n Toeplitz matrix Tn(f), the proposed circulant preconditioner is
Cn(Km,2r ∗ f), where m = �n/r
, i.e.,

r(m − 1) < n ≤ rm. (4.4)

By (4.2) and (4.3), since f(x) =
∑∞

k=−∞ tkeikx, the convolution product is given by

(Km,2r ∗ f)(x) =
r(m−1)∑

k=−r(m−1)

tkb
(m,2r)
k eikx =

n−1∑
k=−n+1

dkeikx, (4.5)

where

dk =
{

tkb
(m,2r)
k , |k| ≤ r(m − 1),

0 otherwise.

By (3.11), the eigenvalues of the preconditioner Cn(Km,2r ∗ f) are given by

λj(Cn(Km,2r ∗ f)) = (Km,2r ∗ f)
(2πj

n

)
=

n−1∑
k=−n+1

dke2πijk/n

=
n−1∑
k=0

(dk + d−n+k)e2πijk/n, 0 ≤ j ≤ n − 1.

Using (1.5) and (1.6), the kth entry of the first column of the preconditioner is just
dk +d−n+k. Recalling that the cost of computing all b

(m,2r)
k is of order O(rm log m)

operations, we see that the cost of constructing Cn(Km,2r ∗ f) is of O(n log n)
operations and it requires only the entries {tj}|j|<n from the given n-by-n Toeplitz
matrix Tn. See Algorithm A.3 for pchoice equalling 9 to 11, where b in A.3 are
computed by A.4 using (4.2). We remark that Km,2 is the Fejér kernel Fn, and
hence by (3.9), Cn(Km,2 ∗ f) is just T. Chan’s preconditioner.

4.2 Properties of generalized Jackson kernel
In this section, we study some properties of Km,2r in order to see how good the
approximation of f by Km,2r ∗ f will be. These properties are useful in the spectral
analysis of the circulant preconditioners in Section 4.3. First, we claim that the
preconditioners are positive definite.

Lemma 4.1. The preconditioner Cn(Km,2r ∗f) is positive definite for f ∈ C+
2π and

for all positive integers m, n, and r.

Proof. Just note that by (4.1), Km,2r(x) is positive except at x = 2kπ/m, k =
±1,±2, . . . ,±(n − 1), and f ∈ C+

2π is nonnegative and not identically zero. Hence

(Km,2r ∗ f)(x) > 0,

and the preconditioner Cn(Km,2r ∗ f) is positive definite by (3.11). �
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For simplicity, we will use x to denote the function x defined on R in the
following. For clarity, we will use x2π to denote the periodic extension of x on
[−π, π], i.e.,

x2π(x) = x̃ if x = x̃ (mod 2π) and x̃ ∈ [−π, π];

see Figure 4.1 below. It is clear that x2p
2π ∈ C+

2π for any integer p. We first show
that Km,2r ∗ x2p

2π matches the order of the zero of x2p
2π at x = 0 if r > p.

Lemma 4.2. Let p and r be any integers with r > p > 0. Then(
Km,2r ∗ x2p

2π

)
(0) =

(
Km,2r ∗ x2p

)
(0) =

1
2π

∫ π

−π

Km,2r(t)t2pdt =
cp,2r

m2p
, (4.6)

where
22p−1

2p + 1

(
2
π

)4r

≤ cp,2r ≤ 22p+1
(π

2

)4r

. (4.7)

Proof. The first two equalities in (4.6) are trivial by the definition of x2π. For the
last equality, since

x

π
≤ sin

(x

2

)
≤ x

2
, x ∈ [0, π],

we have by (4.1),∫ π

−π

Km,2r(t)t2pdt ≤ 2π2rkm,2r

m2r−1

∫ π

0

sin2r
(

mt
2

)
t2r−2p

dt

=
22p−2r+2π2rkm,2r

m2p

∫ mπ
2

0

sin2r v

v2r−2p
dv

≤ 22p+2km,2r

m2p

(π

2

)2r
(∫ 1

0

sin2r v

v2r−2p
dv +

∫ ∞

1

sin2r v

v2r−2p
dv

)

≤ 22p+2km,2r

m2p

(π

2

)2r
(∫ 1

0
v2pdv +

∫ ∞

1

1
v2r−2p

dv

)

≤ 22p+3km,2r

m2p

(π

2

)2r

. (4.8)

Similarly, we also have∫ π

−π

Km,2r(t)t2pdt ≥ 22r+1km,2r

m2r−1

∫ π

0

sin2r
(

mt
2

)
t2r−2p

dt (4.9)

≥ 22p+2km,2r

m2p

∫ 1

0

sin2r v

v2r−2p
dv
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≥ 22p+2km,2r

m2p

(
2
π

)2r ∫ 1

0
v2pdv

=
22p+2km,2r

(2p + 1)m2p

(
2
π

)2r

.

By setting p = 0 in (4.8) and (4.9), we obtain

4
(

2
π

)2r

km,2r ≤ 2π =
∫ π

−π

Km,2r(t)dt ≤ 8
(π

2

)2r

km,2r.

Thus
2π

8

(
2
π

)2r

≤ km,2r ≤ 2π

4

(π

2

)2r

. (4.10)

Putting (4.10) back into (4.8) and (4.9), we have (4.7). �

We remark that using the same arguments as in (4.9), we can show that for
p ≥ 1, (

Km,2 ∗ x2p
)
(0) ≥ O

(
1
m

)
; (4.11)

i.e., T. Chan’s preconditioner does not match the order of the zeros of x2p at x = 0
when p ≥ 1. We will see in Section 4.4 that T. Chan’s preconditioner does not work
for Toeplitz matrices generated by functions with zeros of order 2p, where p ≥ 1.

Next we estimate (Km,2r ∗ x2p
2π)(y) for y 	= 0. To this end, we first have to

replace the function x2p
2π in the convolution product by x2p defined on R.

Lemma 4.3. Let p > 0 be an integer. Then

π2p ≤
[
Km,2r ∗ x2p(x + 2π)2p

]
(y)(

Km,2r ∗ x2p
2π

)
(y)

≤
(

5π

2

)2p

(4.12)

for any y ∈ [−π, −π/2];

1 ≤
(
Km,2r ∗ x2p

)
(y)(

Km,2r ∗ x2p
2π

)
(y)

≤ 32p (4.13)

for any y ∈ [−π/2, π/2]; and

π2p ≤
[
Km,2r ∗ x2p(x − 2π)2p

]
(y)(

Km,2r ∗ x2p
2π

)
(y)

≤
(

5π

2

)2p

(4.14)

for any y ∈ [π/2, π].
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Proof. To prove (4.12), we first claim that

π2p ≤ (y − t)2p(y + 2π − t)2p

(y − t)2p
2π

≤
(

5π

2

)2p

, (4.15)

where t ∈ [−π, π] and y ∈ [−π, −π/2]. By the definition of (y − t)2p
2π, we have (see

Figure 4.1)

(y − t)2p(y + 2π − t)2p

(y − t)2p
2π

=
{

(y + 2π − t)2p, t ∈ [−π, y + π],
(y − t)2p, t ∈ [y + π, π].

For t ∈ [−π, y + π] and y ∈ [−π, −π/2], we have

π2p = (y + 2π − (y + π))2p ≤ (y + 2π − t)2p ≤ (y + 3π)2p ≤
(

5π

2

)2p

.

For t ∈ [y + π, π] and y ∈ [−π, −π/2], we have

π2p = (y − (y + π))2p ≤ (y − t)2p ≤ (y − π)2p ≤ (2π)2p.

Thus we obtain (4.15).
We see that by using (4.15),(

Km,2r ∗ x2p
2π

)
(y) ≡ 1

2π

∫ π

−π

Km,2r(t)(y − t)2p
2πdt

≤ 1
π2p

[
1
2π

∫ π

−π

Km,2r(t)(y − t)2p(y + 2π − t)2pdt

]
=

1
π2p

[
Km,2r ∗ x2p(x + 2π)2p

]
(y).

Similarly, we also have(
Km,2r ∗ x2p

2π

)
(y) ≥

(
2
5π

)2p [
Km,2r ∗ x2p(x + 2π)2p

]
(y).

Thus we obtain (4.12).
To prove (4.13), we just note that

1 ≤ (y − t)2p

(y − t)2p
2π

≤ 32p,

where t ∈ [−π, π] and y ∈ [−π/2, π/2]. As for (4.14), we have

π2p ≤ (y − t)2p(y − 2π − t)2p

(y − t)2p
2π

≤
(

5π

2

)2p

,

where t ∈ [−π, π] and y ∈ [π/2, π]. �
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(y + 2π − t)2p

(y − t)2p

(y − t)2p
2π

t

π−π − π
2

π
2

y y + π

0

Figure 4.1. The functions (y − t)2p
2π, (y − t)2p, and (y + 2π − t)2p.

By using Lemmas 4.2 and 4.3, we can show that Km,2r ∗ x2p
2π and x2p

2π are
essentially the same away from the zero of x2p

2π.

Theorem 4.4. Let p and r be any integers with r > p > 0 and m = �n/r
. Then
there exist α and β with β > α > 0 independent of n such that for all sufficiently
large n and π/n ≤ |y| ≤ π, we have

α ≤

(
Km,2r ∗ x2p

2π

)
(y)

y2p
2π

≤ β. (4.16)

Proof. We see from Lemma 4.3 that for different values of y, (Km,2r ∗ x2p
2π)(y) can

be replaced by different functions. Hence, we separate the proof for different ranges
of values of y. We first consider y ∈ [π/n, π/2]. By the binomial expansion,

(
Km,2r ∗ x2p

)
(y) ≡ 1

2π

∫ π

−π

Km,2r(t)(y − t)2pdt

=
1
2π

∫ π

−π

Km,2r(t)
2p∑

k=0

(
2p

k

)
y2p−k(−t)kdt.
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Note that
∫ π

−π
Km,2r(t)tkdt = 0 for odd k. Thus(

Km,2r ∗ x2p
)
(y)

y2p
2π

=

(
Km,2r ∗ x2p

)
(y)

y2p
=

1
2π

p∑
k=0

(
2p

2k

)
y−2k

∫ π

−π

Km,2r(t)t2kdt.

By (4.6), we then have(
Km,2r ∗ x2p

)
(y)

y2p
2π

=
1
2π

p∑
k=0

(
2p

2k

)
ck,2r

y2km2k
, (4.17)

where by (4.7), ck,2r are bounded above and below by positive constants indepen-
dent of m for k = 0, . . . , p. By (4.4) and π/n ≤ y, we have

π

r
≤ πm

n
≤ ym. (4.18)

Hence we obtain by (4.17) and (4.18),

c0,2r ≤
(
Km,2r ∗ x2p

)
(y)

y2p
2π

≤ 1
2π

p∑
k=0

( r

π

)2k
(

2p

2k

)
ck,2r.

Therefore, (4.16) follows for y ∈ [π/n, π/2] by using (4.13). The case with y ∈
[−π/2,−π/n] is similar to the case where y ∈ [π/n, π/2].

Next we consider y ∈ [π/2, π]. Note that

[
Km,2r ∗ x2p(x − 2π)2p

]
(y) ≡ 1

2π

∫ π

−π

Km,2r(t)(t − y)2p(t − y + 2π)2pdt

=
1
2π

∫ π

−π

Km,2r(t)
(
y2p(2π − y)2p + q(t)

)
dt,

where

q(t) = (t − y)2p(t − y + 2π)2p − y2p(2π − y)2p ≡
4p∑

j=1

qjt
j

is a 4pth degree polynomial without the constant term. We have by (4.6) again,

1
2π

∫ π

−π

Km,2r(t)q(t)dt =
2p∑

j=1

q2j
c2j,2r

m2j
.

Thus by using the fact that 1
2π

∫ π

−π
Km,2r(t)dt = 1, we obtain

[
Km,2r ∗ x2p(x − 2π)2p

]
(y) = y2p(2π − y)2p +

2p∑
j=1

q2j
c2j,2r

m2j
. (4.19)
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Since (π/2)2p ≤ y2p
2π for y ∈ [π/2, π], we have[

Km,2r ∗ x2p(x − 2π)2p
]
(y)

y2p
2π

≤ (2π − y)2p +
(

2
π

)2p 2p∑
j=1

|q2j |c2j,2r

≤
(

3π

2

)2p

+
(

2
π

)2p 2p∑
j=1

|q2j |c2j,2r, (4.20)

which is clearly bounded independent of n. For the lower bound, by using the fact
that π2p ≥ y2p

2π for y ∈ [π/2, π] in (4.19), we have[
Km,2r ∗ x2p(x − 2π)2p

]
(y)

y2p
2π

≥ (y − 2π)2p +
1

π2p

2p∑
j=1

q2j
c2j,2r

m2j

≥ π2p +
1

π2p

2p∑
j=1

q2j
c2j,2r

m2j
. (4.21)

Clearly for sufficiently large n (and hence large m), the last expression is bounded
uniformly from below by π2p/2. Combining (4.20), (4.21), and (4.14), we see that
(4.16) holds for y ∈ [π/2, π] and for n sufficiently large. The case where y ∈
[−π,−π/2] can be proved in a similar way. �

Using the fact that[
Km,2r ∗ (x − z)2p

2π

]
(y) =

1
2π

∫ π

−π

Km,2r(t)(y − z − t)2p
2πdt

=
(
Km,2r ∗ x2p

2π

)
(y − z),

we obtain the following corollary, which deals with functions having a zero at z 	= 0.

Corollary 4.5. Let z ∈ [−π, π]. Let p and r be any integers with r > p > 0 and
m = �n/r
. Then there exist α and β with β > α > 0 independent of n such that
for all sufficiently large n and π/n ≤ |y − z| ≤ π, we have

α ≤

[
Km,2r ∗ (x − z)2p

2π

]
(y)

(y − z)2p
2π

≤ β.

Now we can extend the results in Theorem 4.4 to any functions in C+
2π with

a single zero of order 2p.

Theorem 4.6. Let f ∈ C+
2π with a zero of order 2p at z ∈ [−π, π]. Let r > p be

any integer and m = �n/r
. Then there exist α and β with β > α > 0 independent
of n such that for all sufficiently large n and π/n ≤ |y − z| ≤ π, we have

α ≤ (Km,2r ∗ f) (y)
f(y)

≤ β.
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Proof. By the definition of zeros, f(x) = (x−z)2p
2πg(x) for some positive continuous

function g(x) on [−π, π]. Write

(Km,2r ∗ f) (y)
f(y)

=

[
Km,2r ∗ (x − z)2p

2πg(x)
]
(y)[

Km,2r ∗ (x − z)2p
2π

]
(y)

·

[
Km,2r ∗ (x − z)2p

2π

]
(y)

(y − z)2p
2π

· 1
g(y)

.

Clearly the last factor is uniformly bounded above and below by positive constants.
By Corollary 4.5, the same holds for the second factor when π/n ≤ |y − z| ≤ π. As
for the first factor, by the mean value theorem for integrals, there exists a ζ ∈ [−π, π]
such that [

Km,2r ∗ (x − z)2p
2πg(x)

]
(y) = g(ζ)

[
Km,2r ∗ (x − z)2p

2π

]
(y).

Hence for all y ∈ [−π, π], we have

0 < gmin ≤

[
Km,2r ∗ (x − z)2p

2πg(x)
]
(y)[

Km,2r ∗ (x − z)2p
2π

]
(y)

≤ gmax,

where gmin and gmax are the minimum and maximum values of g, respectively. Thus
the theorem follows. �

Up to now, we have considered only the interval π/n ≤ |y − z| ≤ π. For
|y − z| ≤ π/n, we can show that at the zero of f , the convolution product Km,2r ∗ f
matches the order of the zero of f .

Theorem 4.7. Let f ∈ C+
2π with a zero of order 2p at z ∈ [−π, π]. Let r > p be

any integer and m = �n/r
. Then for any |y − z| ≤ π/n, we have

(Km,2r ∗ f) (y) = O

(
1

n2p

)
.

Proof. We first prove the theorem for f(x) = x2p
2π. By the binomial theorem,

(
Km,2r ∗ x2p

)
(y) ≡ 1

2π

∫ π

−π

Km,2r(t)(y − t)2pdt

=
1
2π

∫ π

−π

Km,2r(t)
2p∑

j=0

(
2p

j

)
y2p−j(−t)jdt.

Since
∫ π

−π
Km,2r(t)tjdt = 0 for odd j, we have

(
Km,2r ∗ x2p

)
(y) =

1
2π

∫ π

−π

Km,2r(t)
p∑

j=0

(
2p

2j

)
y2p−2jt2jdt. (4.22)
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By using (4.22), (4.6), (4.7), and then (4.4), we have for |y| ≤ π/n,

(
Km,2r ∗ x2p

)
(y) ≤ 1

2π

p∑
j=0

(
2p

2j

)(π

n

)2p−2j
∫ π

−π

Km,2r(t)t2jdt

≤ 1
n2p

p∑
j=0

(
2p

2j

)
r2jπ2p−2jcj,2r = O

(
1

n2p

)
.

Hence by (4.13), (
Km,2r ∗ x2p

2π

)
(y) ≤ O

(
1

n2p

)
.

Similarly, from (4.22), (4.6), (4.7), and then (4.4), we have

(Km,2r ∗ x2p)(y) ≥ 1
2π

∫ π

−π

Km,2r(t)t2pdt =
cp,2r

m2p
= O

(
1

n2p

)
.

Hence by (4.13) again,

(
Km,2r ∗ x2p

2π

)
(y) ≥ O

(
1

n2p

)
.

Thus the theorem holds for f(x) = x2p
2π.

In the general case where f(x) = (x − z)2p
2πg(x) for some positive function

g ∈ C2π, by the mean value theorem for integrals, there exists a ζ ∈ [−π, π] such that

(Km,2r ∗ f)(y) =
[
Km,2r ∗ (x − z)2p

2πg(x)
]
(y)

= g(ζ)
[
Km,2r ∗ (x − z)2p

2π

]
(y)

= g(ζ)
(
Km,2r ∗ x2p

2π

)
(y − z).

Hence

gmin ·
(
Km,2r ∗ x2p

2π

)
(y − z) ≤ (Km,2r ∗ f)(y) ≤ gmax ·

(
Km,2r ∗ x2p

2π

)
(y − z)

for all y ∈ [−π, π]. From the first part of the proof, we already see that

(
Km,2r ∗ x2p

2π

)
(y − z) = O

(
1

n2p

)

for all |y − z| ≤ π/n. Hence the theorem follows. �
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4.3 Spectral analysis
In this section, we study the spectrum of the preconditioned system.

4.3.1 Functions with a zero

In this subsection, we analyze the spectra of the preconditioned matrices when the
generating function has a zero. We need the following lemma. Its proof is similar
to that of Theorem 2.16. We therefore omit it.

Lemma 4.8. If f and g ∈ C+
2π are such that 0 < α ≤ f/g ≤ β for some constants

α and β, then for all n and all nonzero v ∈ C
n,

α ≤ v∗Tn(f)v
v∗Tn(g)v

≤ β.

The next theorem states that the spectra of the preconditioned matrices are
essentially bounded.

Theorem 4.9. Let f ∈ C+
2π with a zero of order 2p at z. Let r > p and m = �n/r
.

Then there exist α and β with β > α > 0 independent of n such that for all
sufficiently large n, at most 2p + 1 eigenvalues of C−1

n (Km,2r ∗ f)Tn(f) are outside
the interval [α, β].

Proof. For any function g ∈ C2π, let C̃n(g) be the n-by-n circulant matrix with
the jth eigenvalue given by

λj(C̃n(g)) =


1

n2p
if
∣∣∣∣2πj

n
− z

∣∣∣∣ <
π

n
,

g

(
2πj

n

)
otherwise

(4.23)

for j = 0, . . . , n − 1. Since there is at most one j such that |2πj/n − z| < π/n, by
(3.14), C̃n(g) − Cn(g) is a matrix of rank at most 1.

By the assumption, we have

f(x) = sin2p

(
x − z

2

)
g(x)

for some positive function g in C2π. We use the following decomposition of the
Rayleigh quotient to prove the theorem:

v∗Tn(f)v
v∗Cn(Km,2r ∗ f)v

=
v∗Tn(f)v

v∗Tn

[
sin2p

(
x−z

2

)]
v

·
v∗Tn

[
sin2p

(
x−z

2

)]
v

v∗C̃n

[
sin2p

(
x−z

2

)]
v

·
v∗C̃n

[
sin2p

(
x−z

2

)]
v

v∗C̃n(f)v
· v∗C̃n(f)v
v∗C̃n(Km,2r ∗ f)v

·v
∗C̃n(Km,2r ∗ f)v

v∗Cn(Km,2r ∗ f)v
(4.24)
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for all nonzero v ∈ C
n. We remark that by Lemma 4.8 and the definitions of Cn in

(3.14) and C̃n in (4.23), all matrices in the factors in the right-hand side of (4.24)
are positive definite.

As g is a positive function in C2π, by Lemma 4.8, the first factor in the
right-hand side of (4.24) is uniformly bounded above and below. Similarly, by
(4.23), the third factor is also uniformly bounded. The eigenvalues of the two
circulant matrices in the fourth factor differ only when |2πj/n − z| ≥ π/n. But
by Theorem 4.6, the ratios of these eigenvalues are all uniformly bounded when
n is large. The eigenvalues of the two circulant matrices in the last factor differ
only when |2πj/n − z| < π/n. But by Theorem 4.7, their ratios are also uniformly
bounded.

It remains to handle the second factor in (4.24). Defining s2p(x) ≡ sin2p(x−z
2 ),

we have

s2p(x) =
1
2p

[1 − cos(x − z)]p =
1
2p

(
− 1

2
eize−ix + 1 − 1

2
e−izeix

)p

;

i.e., s2p(x) is a pth degree trigonometric polynomial in x. Note that for n ≥ 2p,

(D
n/2� ∗ s2p)(y) = s2p(y)

for all y ∈ [−π, π]. Therefore,

Cn[D
n/2� ∗ s2p(x)] = Cn[s2p(x)]

is Strang’s circulant preconditioner for Tn[s2p(x)] when n ≥ 2p; see Section 3.2.1.
As s2p(x) is a pth degree trigonometric polynomial, Tn[s2p(x)] is a band-Toeplitz
matrix with half bandwidth p + 1. Therefore, when n ≥ 2p, by the definition of
Strang’s preconditioner,

Cn [s2p(x)] = Tn [s2p(x)] +

 0 0 Rp

0 0 0
R∗

p 0 0

 , (4.25)

where Rp is a p-by-p matrix. Thus

Tn[s2p(x)] = C̃n[s2p(x)] + Rn,

where Rn is an n-by-n matrix with rank(Rn) ≤ 2p + 1.
Putting this back into the numerator of the second factor in (4.24), we have

for all nonzero v ∈ C
n,

v∗Tn(f)v
v∗Cn(Km,2r ∗ f)v

=
v∗Tn(f)v

v∗Tn [s2p(x)]v
· v∗C̃n [s2p(x)]v

v∗C̃n(f)v
· v∗C̃n(f)v
v∗C̃n(Km,2r ∗ f)v

· v∗C̃n(Km,2r ∗ f)v
v∗Cn(Km,2r ∗ f)v

+
v∗Tn(f)v

v∗Tn [s2p(x)]v
· v∗Rnv
v∗Cn(Km,2r ∗ f)v

.
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Notice that for all sufficiently large n, except for the last factor, all factors above
are uniformly bounded below and above by positive constants. We thus have

v∗Tn(f)v
v∗Cn(Km,2r ∗ f)v

= α(v) + β(v) · v∗Rnv
v∗Cn(Km,2r ∗ f)v

when n is large. Here

0 < αmin ≤ α(v) ≤ αmax < ∞, 0 < βmin ≤ β(v) ≤ βmax < ∞.

Hence for large n and for all nonzero v ∈ C
n,

v∗[Tn(f) − βmaxRn]v
v∗Cn(Km,2r ∗ f)v

≤ αmax.

Let the number of positive eigenvalues of Rn be q. Then by Weyl’s theorem, at
most q eigenvalues of C−1

n (Km,2r ∗ f)Tn(f) are larger than αmax. Similarly, we can
prove that at most 2p+1−q eigenvalues of C−1

n (Km,2r ∗f)Tn(f) are less than αmin.
Hence the theorem follows. �

Finally, we prove that all the eigenvalues of the preconditioned matrices are
bounded from below by a positive constant independent of n.

Theorem 4.10. Let f ∈ C+
2π with a zero of order 2p at z. Let r > p and

m = �n/r
. Then there exists a constant c > 0 independent of n such that for all n
sufficiently large, all eigenvalues of the preconditioned matrix C−1

n (Km,2r ∗ f)Tn(f)
are larger than c.

Proof. In view of the proof of Theorem 4.9, it suffices to obtain a lower bound
of the second Rayleigh quotient in the right-hand side of (4.24). Equivalently, we
have to get an upper bound of the spectral radius ρ[T−1

n [s2p(x)]C̃n[s2p(x)]]. We
note that by (4.23),

C̃n [s2p(x)] = Cn [s2p(x)] + En,

where En is either the zero matrix or is given by

F ∗
ndiag

(
. . . , 0,

1
n2p

− s2p

(2πj

n

)
, 0, . . .

)
Fn

for some j such that |2πj/n−z| < π/n. Thus ‖En‖2 = O(n−2p). By Theorem 1.13,
T−1

n [s2p(x)] is positive definite. Thus the matrix T−1
n [s2p(x)]C̃n[s2p(x)] is similar to

the symmetric matrix T
−1/2
n [s2p(x)] C̃n [s2p(x)] T−1/2

n [s2p(x)]. Hence we have

ρ
[
T−1

n [s2p(x)] C̃n [s2p(x)]
]

= ρ
[
T−1/2

n [s2p(x)] C̃n [s2p(x)] T−1/2
n [s2p(x)]

]
≤ ρ

[
T−1/2

n [s2p(x)] Cn [s2p(x)] T−1/2
n [s2p(x)]

]
+ ρ

[
T−1/2

n [s2p(x)] EnT−1/2
n [s2p(x)]

]
≤ ρ

[
T−1

n [s2p(x)] Cn [s2p(x)]
]
+
∥∥T−1

n [s2p(x)]
∥∥

2 ‖En‖2. (4.26)
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By Theorem 1.13 again, we have∥∥T−1
n [s2p(x)]

∥∥
2 = O(n2p).

Hence the last term in (4.26) is of O(1).
It remains to estimate the first term in (4.26). According to (4.25), we

partition

T−1
n [s2p(x)] =

B11 B12 B13
B∗

12 B22 B23
B∗

13 B∗
23 B33

 ,

where B11 and B33 are p-by-p matrices. We then have by (4.25),

ρ
[
T−1

n [s2p(x)] Cn [s2p(x)]
]

≤ 1 + ρ

B13R
∗
p 0 B11Rp

B23R
∗
p 0 B∗

12Rp

B33R
∗
p 0 B∗

13Rp


= 1 + ρ

[(
B13R

∗
p B11Rp

B33R
∗
p B∗

13Rp

)]
, (4.27)

where the last equality follows because the 3-by-3 block matrix in the equation has
vanishing central column blocks. In [4, Theorem 4.3], it has been shown that Rp,
B11, B13, and B33 all have bounded ‖ · ‖1 norms and ‖ · ‖∞ norms. Hence using
the fact that ρ[·] ≤ ‖ · ‖2 ≤ (‖ · ‖1 · ‖ · ‖∞)1/2, we see that (4.27) is bounded and the
theorem follows. �

By combining Theorems 4.9 and 4.10, the number of PCG iterations required
for convergence is of O(1). Since each PCG iteration requires O(n log n) operations
and so does the construction of the preconditioner (see Section 4.1), the total com-
plexity of the PCG method for solving Toeplitz systems generated by f ∈ C+

2π is of
O(n log n) operations.

4.3.2 Positive functions

In this subsection, we consider the case where the generating function is strictly
positive. We note that by the Grenander–Szegö theorem, the spectrum of Tn(f)
is contained in [fmin, fmax], where fmin and fmax are the minimum and maximum
values of f . It is easy to see that

0 < fmin ≤ (Km,2r ∗ f) (y) ≤ fmax.

Thus the whole spectrum of C−1
n (Km,2r ∗ f)Tn(f) is contained in

[fmin/fmax, fmax/fmin];

i.e., the preconditioned system is also well-conditioned. We now show that its
spectrum is clustered around 1.
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Theorem 4.11. Let f ∈ C2π be positive. Then the spectrum of the preconditioned
matrix C−1

n (Km,2r ∗ f)Tn(f) is clustered around 1 for sufficiently large n, where
m = �n/r
.

Proof. We first prove that Km,2r ∗ f converges to f uniformly on [−π, π]. For
µ > 0, let

ω(f, µ) ≡ max
x,|t|≤µ

|f(x) − f(x − t)|

be the modulus of continuity of f . It has the property that

ω(f, λµ) ≤ (λ + 1)ω(f, µ)

for λ ≥ 0; see [64, p. 43]. By the uniform continuity of f , for each ε > 0, there exists
an η > 0 such that ω(f, η) < ε. Taking n > 1/η, we then have for all y ∈ [−π, π],

|f(y) − (Km,2r ∗ f) (y)| =
∣∣∣∣ 1
2π

∫ π

−π

[Km,2r(t)f(y) − Km,2r(t)f(y − t)] dt

∣∣∣∣
≤ 1

2π

∫ π

−π

|f(y) − f(y − t)|Km,2r(t)dt

≤ 1
2π

∫ π

−π

ω(f, |t|)Km,2r(t)dt

=
1
2π

∫ π

−π

ω
(
f, n|t| · 1

n

)
Km,2r(t)dt

≤ 1
2π

∫ π

−π

(n|t| + 1)ω
(
f,

1
n

)
Km,2r(t)dt

= ω
(
f,

1
n

)
(c + 1) ≤ (c + 1)ε,

where c = n
π

∫ π

0 Km,2r(t)tdt is bounded by a constant independent of n; see (4.8)
for p = 1/2. Therefore, Km,2r ∗ f converges uniformly to f . By Theorem 3.5, the
spectrum of C−1

n (Km,2r ∗ f)Tn(f) is clustered around 1 for sufficiently large n. �

We conclude immediately that when f ∈ C2π is positive and the precon-
ditioner Cn(Km,2r ∗ f) is used, the PCG method converges superlinearly; see
Section 1.3.1.

4.4 Examples
In this section, we illustrate by eight numerical examples the effectiveness of the
preconditioner Cn(Km,2r ∗ f) in solving Toeplitz systems Tn(f)u = b and compare
them with Strang’s and T. Chan’s circulant preconditioners. The last six examples
are ill-conditioned Toeplitz systems where the condition numbers of the systems
grow like O(nq) for some q > 0. They correspond to f having zeros of order q; see
[71]. Because of the ill-conditioning, the CG method will converge slowly and the
number of iterations required for convergence grows like O(nq/2). However, we will
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see that using the preconditioner Cn(Km,2r ∗ f) with 2r > q, the preconditioned
system will converge linearly.

In the following, we set m = �n/r
. The right-hand side b is the vector of all
ones. Since the functions are nonnegative, the Tn(f) so generated are all positive
definite; see Theorem 1.13. As mentioned in Section 4.1, the construction of the
preconditioners for an n-by-n Toeplitz matrix requires only the n diagonal entries
{tj}|j|<n of the given Toeplitz matrix. No explicit knowledge of f is required. See
A.3 for pchoice equalling 9 to 11. Note that coef in A.3 are computed in A.4
using (4.2).

Tables 4.1–4.4 show the number of iterations required for convergence for
different preconditioners. They can be reproduced by running A.1 with three

Table 4.1. Number of iterations for well-conditioned systems.

x4 + 1 |x|3 + 0.01
n 32 64 128 256 512 1024 32 64 128 256 512 1024
I 19 36 55 66 70 71 20 52 130 272 395 431

s(Tn) 8 6 5 5 5 5 10 11 10 8 6 6
cF (Tn) 7 7 6 6 6 5 13 15 18 15 12 10
Km,4 6 5 5 5 5 5 9 8 6 6 6 6
Km,6 6 5 5 5 5 5 9 8 7 7 6 7
Km,8 6 6 5 5 5 5 10 9 7 6 7 6

Table 4.2. Number of iterations for functions with order 2 zeros.

x2 x2(π4 − x4)
n 32 64 128 256 512 1024 32 64 128 256 512 1024
I 17 38 82 177 371 765 16 32 64 128 256 512

s(Tn) – – – – – – 8 9 10 10 10 11
cF (Tn) 10 12 14 17 22 28 9 12 14 16 21 25
Km,4 7 8 8 8 9 9 7 7 9 9 9 11
Km,6 7 8 9 9 9 9 8 9 9 9 10 10
Km,8 8 9 9 9 9 9 8 9 9 10 10 10

Table 4.3. Number of iterations for functions with order 4 zeros.

x4 x4(π2 − x2)
n 32 64 128 256 512 1024 32 64 128 256 512 1024
I 30 106 414 1742 † † 18 62 208 769 2962 †

s(Tn) – – – – – – – – – – – –
cF (Tn) 16 25 39 82 211 547 14 21 32 53 139 336
Km,4 11 13 16 18 20 24 12 13 16 19 21 25
Km,6 13 14 17 18 19 22 13 14 16 19 21 23
Km,8 13 15 17 19 22 22 14 14 16 18 21 25
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Table 4.4. Number of iterations for other functions.

|x|3
∑

|k|<1024 1/(|k| + 1)eikx − 0.3862
n 32 64 128 256 512 1024 32 64 128 256 512 1024
I 22 59 168 499 1444 † 21 58 153 399 817 947

s(Tn) – – – – – – – – – – – –
cF (Tn) 13 17 24 36 55 84 10 13 15 17 18 13
Km,4 10 10 11 12 13 14 6 6 6 5 7 7
Km,6 10 10 12 12 13 15 6 6 7 7 7 6
Km,8 10 11 12 12 14 16 7 6 7 7 7 6

parameters: n equals the size of the system; pchoice equals 9, 10, or 11 for the
generalized Jackson kernels with r = 2, 3, or 4 respectively; and fchoice equals
4, 5, . . . , 11 for different generating functions. In the tables, as before, I denotes
no preconditioner, s(Tn) is Strang’s preconditioner, Km,2r are the precondition-
ers from the generalized Jackson kernel Km,2r, and cF (Tn) = Km,2 is T. Chan’s
preconditioner. Iteration numbers more than 3,000 are denoted by “†”. We note
that s(Tn) in general is not positive definite, as the Dirichlet kernel Dn is not
positive; see Section 3.2. When some of its eigenvalues are negative, we denote
the iteration number by “–”, as the PCG method does not apply to nondefinite
systems.

The first two test functions in Table 4.1 are positive functions and therefore
correspond to well-conditioned systems. Notice that the iteration numbers for these
original systems tend to a constant when n is large, indicating a linear convergence
rate. In this case, we see that all preconditioners work well and the convergence is
fast.

The two test functions in Table 4.2 are nonnegative functions with one or more
zeros of order 2 on [−π, π]. Thus the condition numbers of the Toeplitz matrices
are growing like O(n2), and hence the number of iterations required for convergence
without using any preconditioners is increasing like O(n). We see that for these
functions, the number of iterations for convergence using T. Chan’s preconditioner
increases with n. This is to be expected from the fact that the order of Km,2 ∗ x2

does not match that of x2 at x = 0; see (4.11). However, we see that Km,4,
Km,6, and Km,8 all work very well, as predicted from the convergence analysis in
Section 4.3.

When the order of the zero is 4, like the two test functions in Table 4.3,
the condition numbers of the Toeplitz matrices will increase like O(n4) and the
matrices will be very ill-conditioned even for moderate n. We see from the table
that both Strang’s and T. Chan’s preconditioners fail. As predicted by the theory,
Km,4, Km,6, and Km,8 still work very well. The number of iterations required for
convergence stays almost the same independent of n.
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In Table 4.4, we test two functions that the theory does not cover. The first
function is not differentiable at its zero. The second one is a function with slowly
decaying Fourier coefficients. We found numerically that the minimum value of∑

|k|<1024
1

|k|+1eikx is approximately equal to 0.3862. Hence the second function
is approximately zero at some points in [−π, π]. Table 4.4 shows that the Km,2r

preconditioners still perform better than Strang’s and T. Chan’s preconditioners.
To further illustrate Theorems 4.9 and 4.10, we give in Figures 4.2 and 4.3

the spectra of the preconditioned matrices for all five preconditioners for f(x) = x2

and x4 when n = 128. We see that the spectra of the preconditioned matrices for
Km,6 and Km,8 are in a small interval around 1, except for one to two large outliers,
and that all the eigenvalues are well separated away from 0. We note that Strang’s
preconditioned matrices in both cases have negative eigenvalues and they are not
depicted in the figures. Finally, we would like to mention that the general case
where f has more than one zero is done in [26].
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Chapter 5

Block Toeplitz systems

The m-by-m block Toeplitz matrix with n-by-n Toeplitz blocks is defined as follows:

Tmn =



T(0) T(−1) · · · T(2−m) T(1−m)
T(1) T(0) T(−1) · · · T(2−m)

... T(1) T(0)
. . .

...

T(m−2) · · · . . . . . . T(−1)
T(m−1) T(m−2) · · · T(1) T(0)

 , (5.1)

where the blocks T(l), for |l| ≤ m − 1, are themselves Toeplitz matrices of order n.
Matrices of the form (5.1) are called BTTB matrices. We are interested in solving
the BTTB system

Tmnu = b

by the PCG method. BTTB systems arise in a variety of applications in numerical
differential equations [7, 19, 49, 55, 63], networks [36], and image processing [20,
24, 66]. In this chapter, several preconditioners that preserve the block structure of
Tmn are constructed. We show that they are good preconditioners for solving some
BTTB systems. Since the block preconditioners are defined not only for BTTB
matrices but also for general matrices, we begin with the general case.

5.1 Operators for block matrices
In the following, we call cU defined by (2.3) the point operator in order to distinguish
it from the block operators that we now introduce. Let us begin by considering a
general block matrix Amn partitioned as follows:

Amn =


A1,1 A1,2 · · · A1,m

A2,1 A2,2 · · · A2,m

...
. . . . . .

...
Am,1 Am,2 · · · Am,m

 , (5.2)

where Ai,j ∈ C
n×n.

67
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5.1.1 Block operator c
(1)
U

In view of the point case, a natural choice of preconditioner for Amn given by (5.2)
is 

cU (A1,1) cU (A1,2) · · · cU (A1,m)
cU (A2,1) cU (A2,2) · · · cU (A2,m)

...
. . . . . .

...
cU (Am,1) cU (Am,2) · · · cU (Am,m)

 ,

where the blocks cU (Ai,j) are just the point approximations to Ai,j ; see (2.3). In
the following, we first study its spectral properties.

Let δ(1)(Amn) be defined by

δ(1)(Amn) ≡


δ(A1,1) δ(A1,2) · · · δ(A1,m)
δ(A2,1) δ(A2,2) · · · δ(A2,m)

...
. . . . . .

...
δ(Am,1) δ(Am,2) · · · δ(Am,m)

 , (5.3)

where each block δ(Ai,j), defined as in Section 2.2, is a diagonal matrix whose
diagonal is equal to the diagonal of the matrix Ai,j . The following lemma gives the
relation between the spectrum of Amn and the spectrum of δ(1)(Amn).

Lemma 5.1. For any arbitrary Amn ∈ C
mn×mn partitioned as in (5.2), we have

σmax
(
δ(1)(Amn)

)
≤ σmax(Amn), (5.4)

where σmax(·) denotes the largest singular value. Furthermore, when Amn is Her-
mitian, we have

λmin(Amn) ≤ λmin
(
δ(1)(Amn)

)
≤ λmax

(
δ(1)(Amn)

)
≤ λmax(Amn), (5.5)

where λmin(·) and λmax(·) denote the smallest and largest eigenvalues, respectively.

Proof. Let
(Amn)i,j;k,l = (Ak,l)ij

be the (i, j)th entry of the (k, l)th block of Amn. Let P be the permutation matrix
that satisfies

(P ∗AmnP )k,l;i,j = (Amn)i,j;k,l, (5.6)

for 1 ≤ i, j ≤ n, 1 ≤ k, l ≤ m, and let

Bmn ≡ P ∗δ(1)(Amn)P.

Then Bmn is of the following form:

Bmn =


B1,1 0 · · · 0
0 B2,2 · · · 0
...

. . . . . .
...

0 0 · · · Bn,n

 .
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We know that Bmn and δ(1)(Amn) have the same singular values and eigenvalues.
For each k, since Bk,k ∈ C

m×m is a principal submatrix of the matrix Amn, it
follows by Corollary 3.1.3 in [52, p. 149] that

σmax(Bk,k) ≤ σmax(Amn).

Hence we have

σmax
(
δ(1)(Amn)

)
= σmax(Bmn) = max

k

(
σmax(Bk,k)

)
≤ σmax(Amn).

When Amn is Hermitian, by Cauchy’s interlace theorem, we then have

λmin(Amn) ≤ min
k

(
λmin(Bk,k)

)
= λmin

(
δ(1)(Amn)

)
≤ λmax

(
δ(1)(Amn)

)
= max

k

(
λmax(Bk,k)

)
≤ λmax(Amn). �

In the following, let D
(1)
m,n denote the set of all matrices of the form given by

(5.3), i.e., D
(1)
m,n is the set of all m-by-m block matrices with n-by-n diagonal blocks,

and let
M

(1)
U ≡

{
(I ⊗ U)∗Λ(1)

mn(I ⊗ U) | Λ(1)
mn ∈ D (1)

m,n

}
,

where I is the m-by-m identity matrix, U is any given n-by-n unitary matrix, and
the symbol “⊗” denotes the tensor product (Kronecker product). We recall that
the tensor product of A = (aij) ∈ C

p×q and B ∈ C
r×s is defined as follows:

A ⊗ B ≡


a11B a12B · · · a1qB
a21B a22B · · · a2qB

...
...

...
ap1B ap2B · · · apqB

 ,

which is a pr-by-qs matrix. The basic properties of the tensor product can be found
in [41, 55].

Similarly to the definition of the operator cU , we now define an operator c
(1)
U

that maps every Amn ∈ C
mn×mn to the minimizer of ‖Wmn − Amn‖F over all

Wmn ∈ M
(1)
U . Some properties of c

(1)
U are given in the following theorem.

Theorem 5.2. For any arbitrary Amn ∈ C
mn×mn partitioned as in (5.2), let

c
(1)
U (Amn) be the minimizer of ‖Wmn − Amn‖F over all Wmn ∈ M

(1)
U . Then the

following hold:

(i) c
(1)
U (Amn) is uniquely determined by Amn and is given by

c
(1)
U (Amn) = (I ⊗ U)∗δ(1)[(I ⊗ U)Amn(I ⊗ U)∗](I ⊗ U). (5.7)
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(ii) c
(1)
U (Amn) is also given by

c
(1)
U (Amn) =


cU (A1,1) cU (A1,2) · · · cU (A1,m)
cU (A2,1) cU (A2,2) · · · cU (A2,m)

...
. . . . . .

...
cU (Am,1) cU (Am,2) · · · cU (Am,m)

 , (5.8)

where cU is the point operator defined by (2.3).

(iii) We have
σmax

(
c
(1)
U (Amn)

)
≤ σmax(Amn). (5.9)

(iv) If Amn is Hermitian, then c
(1)
U (Amn) is also Hermitian and

λmin(Amn) ≤ λmin
(
c
(1)
U (Amn)

)
≤ λmax

(
c
(1)
U (Amn)

)
≤ λmax(Amn).

In particular, if Amn is positive definite, then so is c
(1)
U (Amn).

(v) c
(1)
U is a linear projection operator with the operator norms

‖c
(1)
U ‖2 ≡ sup

‖Amn‖2=1
‖c

(1)
U (Amn)‖2 = 1

and
‖c

(1)
U ‖F ≡ sup

‖Amn‖F=1
‖c

(1)
U (Amn)‖F = 1.

Proof.

(i) Let Wmn ∈ M
(1)
U be given by

Wmn = (I ⊗ U)∗Λ(1)
mn(I ⊗ U),

where Λ(1)
mn ∈ D

(1)
m,n. Since the Frobenius norm is unitary invariant,

‖Wmn − Amn‖F = ‖(I ⊗ U)∗Λ(1)
mn(I ⊗ U) − Amn‖F

= ‖Λ(1)
mn − (I ⊗ U)Amn(I ⊗ U)∗‖F .

Thus, the minimizing problem ‖Wmn −Amn‖F over M
(1)
U is equivalent to the

minimizing problem

‖Λ(1)
mn − (I ⊗ U)Amn(I ⊗ U)∗‖F

over D
(1)
m,n. Note that Λ(1)

mn can affect only the diagonal of each block of

(I ⊗ U)Amn(I ⊗ U)∗.
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Therefore, the solution for the latter problem is

Λ(1)
mn = δ(1)[(I ⊗ U)Amn(I ⊗ U)∗].

Hence
c
(1)
U (Amn) = (I ⊗ U)∗δ(1)[(I ⊗ U)Amn(I ⊗ U)∗](I ⊗ U)

is the minimizer of ‖Wmn − Amn‖F . Obviously, c
(1)
U (Amn) is uniquely deter-

mined by Amn.

(ii) Just note that

δ(1)[(I ⊗ U)Amn(I ⊗ U)∗]
=


δ(UA1,1U

∗) δ(UA1,2U
∗) · · · δ(UA1,mU∗)

δ(UA2,1U
∗) δ(UA2,2U

∗) · · · δ(UA2,mU∗)
...

. . . . . .
...

δ(UAm,1U
∗) δ(UAm,2U

∗) · · · δ(UAm,mU∗)

 .

(iii) For any Amn ∈ C
mn×mn, we have by (5.4) and (5.7),

σmax
(
c
(1)
U (Amn)

)
= σmax

[
δ(1)

(
(I ⊗ U)Amn(I ⊗ U)∗)]

≤ σmax
[
(I ⊗ U)Amn(I ⊗ U)∗] = σmax(Amn).

(iv) If Amn is Hermitian, then it is clear that c
(1)
U (Amn) is also Hermitian. More-

over, by (5.5) and (5.7), we have

λmin(Amn) = λmin
[
(I ⊗ U)Amn(I ⊗ U)∗]

≤ λmin
[
δ(1)

(
(I ⊗ U)Amn(I ⊗ U)∗)]

= λmin
(
c
(1)
U (Amn)

)
≤ λmax

(
c
(1)
U (Amn)

)
= λmax

[
δ(1)

(
(I ⊗ U)Amn(I ⊗ U)∗)]

≤ λmax
[
(I ⊗ U)Amn(I ⊗ U)∗] = λmax(Amn).

(v) By (5.9), we have

‖c
(1)
U (Amn)‖2 = σmax

(
c
(1)
U (Amn)

)
≤ σmax(Amn) = ‖Amn‖2.

However, for the identity matrix Imn, we have

‖c
(1)
U (Imn)‖2 = ‖Imn‖2 = 1.

Hence ‖c
(1)
U ‖2 = 1. For the Frobenius norm, since

‖c
(1)
U (Amn)‖F = ‖δ(1)

[
(I ⊗ U)Amn(I ⊗ U)∗]‖F

≤ ‖(I ⊗ U)Amn(I ⊗ U)∗‖F = ‖Amn‖F

and ∥∥∥c(1)
U

( 1√
mn

Imn

)∥∥∥
F

=
1√
mn

‖Imn‖F = 1,

it follows that ‖c
(1)
U ‖F = 1. �
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5.1.2 Block operator c̃
(1)
V

For matrices Amn partitioned as in (5.2), we can define another block approximation
for them. Let δ̃(1)(Amn) be defined by

δ̃(1)(Amn) ≡


A1,1 0 · · · 0
0 A2,2 · · · 0
...

. . . . . .
...

0 0 · · · Am,m

 . (5.10)

In the following, we use D̃
(1)
m,n to denote the set of all matrices of the form given

by (5.10); i.e., D̃
(1)
m,n is the set of all m-by-m block diagonal matrices with n-by-n

blocks. Let
M̃

(1)
V ≡

{
(V ⊗ I)∗Λ̃(1)

mn(V ⊗ I) | Λ̃(1)
mn ∈ D̃ (1)

m,n

}
,

where V is any given m-by-m unitary matrix and I is the n-by-n identity matrix.
We define an operator c̃

(1)
V that maps every Amn ∈ C

mn×mn to the minimizer
of ‖Wmn − Amn‖F over all Wmn ∈ M̃

(1)
V . Similar to Theorem 5.2, we have the

following theorem.

Theorem 5.3. For any arbitrary Amn ∈ C
mn×mn partitioned as in (5.2), let

c̃
(1)
V (Amn) be the minimizer of ‖Wmn − Amn‖F over all Wmn ∈ M̃

(1)
V . Then the

following hold:

(i) c̃
(1)
V (Amn) is uniquely determined by Amn and is given by

c̃
(1)
V (Amn) = (V ⊗ I)∗δ̃(1)[(V ⊗ I)Amn(V ⊗ I)∗](V ⊗ I). (5.11)

(ii) We have

σmax
(
c̃
(1)
V (Amn)

)
≤ σmax(Amn).

(iii) If Amn is Hermitian, then c̃
(1)
V (Amn) is also Hermitian and

λmin(Amn) ≤ λmin
(
c̃
(1)
V (Amn)

)
≤ λmax

(
c̃
(1)
V (Amn)

)
≤ λmax(Amn).

(iv) c̃
(1)
V is a linear projection operator with the operator norms

‖c̃
(1)
V ‖2 = ‖c̃

(1)
V ‖F = 1.

We omit the proof of Theorem 5.3 since it is quite similar to that of Theo-
rem 5.2. The following theorem gives the relationship between c

(1)
U and c̃

(1)
V .
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Theorem 5.4. Let U be any given unitary matrix and P be the permutation matrix
defined as in (5.6). For any arbitrary matrix Amn ∈ C

mn×mn partitioned as in (5.2),
we have

δ(1)(Amn) = P δ̃(1)(P ∗AmnP )P ∗

and
c
(1)
U (Amn) = P c̃

(1)
U (P ∗AmnP )P ∗.

Proof. To prove the first equality, by the definition of δ̃(1) and (5.6), we notice
that

[δ̃(1)(P ∗AmnP )]k,l;i,j =
{

(P ∗AmnP )k,l;i,j , i = j,
0, i 	= j,

=
{

(Amn)i,j;k,l, i = j,
0, i 	= j.

Hence

[P δ̃(1)(P ∗AmnP )P ∗]i,j;k,l = [δ̃(1)(P ∗AmnP )]k,l;i,j =
{

(Amn)i,j;k,l, i = j,
0, i 	= j,

which by definition is equal to [δ(1)(Amn)]i,j;k,l. To prove the second equality, since
(I ⊗ U)P = P (U ⊗ I) for any matrix U , we have by (5.11) and (5.7),

P c̃
(1)
U (P ∗AmnP )P ∗ = P (U ⊗ I)∗δ̃(1)[(U ⊗ I)P ∗AmnP (U ⊗ I)∗](U ⊗ I)P ∗

= (I ⊗ U)∗P δ̃(1)[P ∗(I ⊗ U)Amn(I ⊗ U)∗P ]P ∗(I ⊗ U)
= (I ⊗ U)∗δ(1)[(I ⊗ U)Amn(I ⊗ U)∗](I ⊗ U)
= c

(1)
U (Amn). �

5.1.3 Operator c
(2)
V,U

It is natural to consider the operator

c
(2)
V,U ≡ c̃

(1)
V ◦ c

(1)
U ,

where “◦” denotes the composite of operators. The following lemma is useful in
deriving the properties of the operator c

(2)
V,U in Theorem 5.6.

Lemma 5.5. For any arbitrary matrix Amn ∈ C
mn×mn partitioned as in (5.2), we

have
(I ⊗ U)∗δ̃(1)(Amn)(I ⊗ U) = δ̃(1)[(I ⊗ U)∗Amn(I ⊗ U)] (5.12)

and
(V ⊗ I)δ(1)(Amn)(V ⊗ I)∗ = δ(1)[(V ⊗ I)Amn(V ⊗ I)∗]. (5.13)

Furthermore,
δ̃(1) ◦ δ(1)(Amn) = δ(Amn) = δ(1) ◦ δ̃(1)(Amn). (5.14)
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The proof of Lemma 5.5 is straightforward; we therefore omit it. Let

MV ⊗U ≡ {(V ⊗ U)∗Λmn(V ⊗ U) | Λmn is any mn-by-mn diagonal matrix} ,

where V is any given m-by-m unitary matrix and U is any given n-by-n unitary
matrix. We have the following theorem, which states that the operator c

(2)
V,U is just

a special case of the point operator.

Theorem 5.6. For any arbitrary matrix Amn ∈ C
mn×mn partitioned as in (5.2),

let cV ⊗U (Amn) be the minimizer of ‖Wmn −Amn‖F over all Wmn ∈ MV ⊗U , where
cV ⊗U is the point operator defined by (2.3). Then the following hold:

(i) We have

c
(2)
V,U (Amn) = cV ⊗U (Amn).

(ii) We have

σmax
(
c
(2)
V,U (Amn)

)
≤ σmax(Amn).

(iii) If Amn is Hermitian, then c
(2)
V,U (Amn) is also Hermitian and

λmin(Amn) ≤ λmin
(
c
(2)
V,U (Amn)

)
≤ λmax

(
c
(2)
V,U (Amn)

)
≤ λmax(Amn).

(iv) The operator c
(2)
V,U has the operator norms

‖c
(2)
V,U‖2 = ‖c

(2)
V,U‖F = 1.

Proof. Only (i) needs to be proved, and the others can be referred to Theorem
2.7. For any given Amn, by the definitions of c

(1)
U and c̃

(1)
V , we have

c
(2)
V,U (Amn) = c̃

(1)
V [c(1)

U (Amn)]

= (V ⊗ I)∗δ̃(1){(V ⊗ I)
[
(I ⊗ U)∗δ(1)[(I ⊗ U)Amn(I ⊗ U)∗](I ⊗ U)

]
(V ⊗ I)∗}(V ⊗ I)

= (V ⊗ I)∗δ̃(1){(I ⊗ U)∗(V ⊗ I)δ(1)[(I ⊗ U)Amn(I ⊗ U)∗](V ⊗ I)∗(I ⊗ U)
}
(V ⊗ I).

Hence by (5.12)–(5.14), we have

c
(2)
V,U (Amn) = (V ⊗ U)∗δ̃(1){δ(1)[(V ⊗ U)Amn(V ⊗ U)∗]

}
(V ⊗ U)

= (V ⊗ U)∗δ[(V ⊗ U)Amn(V ⊗ U)∗](V ⊗ U) = cV ⊗U (Amn). �

We remark that intuitively c
(1)
U (Amn) and c̃

(1)
V (Amn) resemble the diagonalization

of Amn along one specific direction. Hence c
(2)
V,U (Amn) resembles the diagonalization

of Amn along both directions.
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5.1.4 Three useful formulae

When U and V both are equal to the Fourier matrix F , we give three simple formulae
for constructing c

(1)
F (Amn), c̃

(1)
F (Amn), and c

(2)
F,F (Amn). These preconditioners will

be used later to solve block Toeplitz systems. We have by (5.8),

c
(1)
F (Amn) =


cF (A1,1) cF (A1,2) · · · cF (A1,m)
cF (A2,1) cF (A2,2) · · · cF (A2,m)

...
. . . . . .

...
cF (Am,1) cF (Am,2) · · · cF (Am,m)

 , (5.15)

where each block cF (Ai,j) is T. Chan’s circulant preconditioner for Ai,j . We remark
that c

(1)
F (Amn) is a block matrix with circulant blocks and is called a CB matrix [37].
Next we construct c̃

(1)
F (Amn) by using Theorem 5.4. Let Amn = P ∗BmnP and

partition Bmn into n2 blocks with each block Bi,j ∈ C
m×m. Then by Theorem 5.4

and (5.15), we have

[c̃(1)
F (Amn)]i,j;k,l = [P ∗c

(1)
F (Bmn)P ]i,j;k,l = [c(1)

F (Bmn)]k,l;i,j = (cF (Bi,j))kl,

where Bi,j is the (i, j)th block of the matrix Bmn. By (2.4), we see that the (k, l)th
entry of the circulant matrix cF (Bi,j) is given by

(cF (Bi,j))kl =
1
m

∑
p−q≡k−l( mod m)

(Bi,j)pq.

Since (Bi,j)pq = (Ap,q)ij , we have

[c̃(1)
F (Amn)]i,j;k,l =

1
m

∑
p−q≡k−l( mod m)

(Ap,q)ij

for 1 ≤ i, j ≤ n and 1 ≤ k, l ≤ m. Thus, the (k, l)th block of c̃
(1)
F (Amn) is given by

1
m

∑
p−q≡k−l( mod m)

Ap,q.

Since it depends only on k − l modulo m, we see that c̃
(1)
F (Amn) is a block circulant

matrix and is called a BC matrix [37]. By using Q defined as in (2.5), we further
have

c̃
(1)
F (Amn) =

1
m

m−1∑
j=0

Qj ⊗
∑

p−q≡j( mod m)

Ap,q

 . (5.16)

Finally, by using (2.4), (5.16), and Theorem 5.6, one can easily obtain the
following formula:

c
(2)
F,F (Amn) =

1
mn

m−1∑
j=0

n−1∑
k=0

 ∑
p−q≡j( mod m)

∑
r−s≡k( mod n)

(Ap,q)rs

 (Qj ⊗ Qk).

(5.17)
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We remark that c
(2)
F,F (Amn) is a block circulant matrix with circulant blocks [37]

and will be called a BCCB matrix. Actually, from Theorem 5.6, we know that
c
(2)
F,F (Amn) = cF⊗F (Amn) is the minimizer of ‖Wmn − Amn‖F over all Wmn ∈

MF⊗F , where MF⊗F is the set of all BCCB matrices [37].

5.2 Operation cost for preconditioned system
In this section, we study the cost of solving Tmnu = b by the PCG method with
preconditioners c

(1)
F (Tmn) and c

(2)
F,F (Tmn), where Tmn is a BTTB matrix of the form

given in (5.1). The analysis for c̃
(1)
F (Tmn) is similar. We first recall that in each

iteration of the PCG method, we have to compute the matrix-vector multiplication
Tmnv for some vector v and the product

y = (c(1)
F (Tmn))−1d (5.18)

or
y = (c(2)

F,F (Tmn))−1d (5.19)

for some vector d; see Section 1.3.1 or [41, 56].
For the cost of computing Tmnv, we recall that for any Toeplitz matrix Tn,

the matrix-vector multiplication Tnw can be computed by FFTs by first embedding
Tnw into a 2n-by-2n circulant matrix and extending w to a 2n-vector by zeros;
see (1.7). For the matrix-vector product Tmnv, we can use the same trick. We
first embed Tmn into a (blockwise) 2m-by-2m block circulant matrix where each
block itself is a 2n-by-2n circulant matrix. Then we extend v to a 4mn-vector by
putting zeros in the appropriate places. Using F2m ⊗ F2n to diagonalize the 4mn-
by-4mn BCCB matrix, Tmnv can be obtained in O(mn log mn) operations by using
2-dimensional FFTs. The MATLAB algorithm for doing this is in A.16. It requires
the vector tev formed by the eigenvalues of the 4mn-by-4mn BCCB matrix which
is generated in A.11.

5.2.1 Case of c
(1)
F (Tmn)

For c
(1)
F (Tmn), by (5.15), its blocks are just cF (T(k)). Hence by (2.6) and (1.5), the

diagonal δ(FT(k)F
∗) can be computed in O(n log n) operations. Therefore, in the

initialization step, we need O(mn log n) operations to form

∆ ≡ δ(1)((I ⊗ F )Tmn(I ⊗ F )∗).
This is done in A.13, where the input t is the first column of Tmn generated by A.9.

Once we obtain ∆, we can start the PCG iterations. Note that

P ∗∆P =


T̃1,1 0 · · · 0
0 T̃2,2 · · · 0
...

. . . . . .
...

0 0 · · · T̃n,n

 ,
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where P is defined as in (5.6) and

(T̃k,k)ij =
(
δ(FTi,jF

∗)
)
kk

=
(
δ(FT(i−j)F

∗)
)
kk

for 1 ≤ i, j ≤ m and 1 ≤ k ≤ n. Hence the diagonal blocks T̃k,k are m-by-m
Toeplitz matrices. Therefore, only O(m log2 m) operations are required to compute
T̃−1

k,kv for any vector v; see Ammar and Gragg [2]. Thus, (5.18) can be computed
by

y =
(
c
(1)
F (Tmn)

)−1
d = (I ⊗ F ∗)∆−1(I ⊗ F )d

= [(I ⊗ F ∗)P ](P ∗∆P )−1[P ∗(I ⊗ F )]d

in O(nm log2 m) operations; see A.15.
Recall that Tmnv can be obtained in O(mn log mn) operations. Thus we con-

clude that the cost per iteration is O(nm log2 m+mn log mn). The PCG algorithm
is given in A.14. If m > n, one can use c̃

(1)
F (Tmn) as a preconditioner instead. We

would like to mention that some of the block operations can be done in a parallel
way. This can further reduce the cost per iteration.

5.2.2 Case of c
(2)
F,F (Tmn)

We remark that c
(2)
F,F (Tmn) is a BCCB matrix and that for any BCCB matrix Cmn,

it can be defined by its first column. Like (1.5), we have the following relation
between the first column and the eigenvalues of Cmn:

(Fm ⊗ Fn)Cmne1 =
1√
mn

Λmn1mn, (5.20)

where e1 = (1, 0, . . . , 0)T ∈ R
mn is the first unit vector, 1mn = (1, 1, . . . , 1)T ∈ R

mn,
and Λmn is a diagonal matrix holding the eigenvalues of Cmn.

For c
(2)
F,F (Tmn), by using (5.17), it is not difficult to show that the kth entry

in the jth block of the first column of the matrix is given by

c
(j)
k =

1
mn

[
(m − j)(n − k)t(j)k + j(n − k)t(j−m)

k + (m − j)kt
(j)
k−n + jkt

(j−m)
k−n

]
for 0 ≤ j ≤ m − 1 and 0 ≤ k ≤ n − 1. Thus it requires only O(mn) operations to
compute the first column of c

(2)
F,F (Tmn). Using (5.20), we can compute the eigenval-

ues of c
(2)
F,F (Tmn) by using 2-dimensional FFTs in O(mn log mn) operations. This

is done by A.17, where t is the first column of Tmn and ev is the vector holding the
eigenvalues.

In each iteration of the PCG method, besides O(mn log mn) operations to
compute Tmnv, we also need to compute

y = (c(2)
F,F (Tmn))−1d = (F ∗

m ⊗ F ∗
n)Λ−1

mn(Fm ⊗ Fn)d

in (5.19). This can be done in O(mn log mn) operations by using 2-dimensional
FFTs (see A.19), where the input ev is the vector holding the eigenvalues of
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c
(2)
F,F (Tmn) computed by A.17. Thus the cost per iteration of the PCG method

is O(mn log mn) operations, and it is given in A.18. Again some of the block oper-
ations can be done in a parallel way to reduce the cost.

For the implementation and cost of the PCG method for general block systems
Amnu = b, we refer readers to [21].

5.3 Convergence rate
In this section, we analyze the spectra of the preconditioned systems. Let the entries
of Tmn be denoted by

(Tmn)p,q;r,s = t
(r−s)
p−q

for 1 ≤ p, q ≤ n and 1 ≤ r, s ≤ m. Moreover, the matrix Tmn(f) is associated with
a generating function f(x, y) as follows:

t
(j)
k (f) ≡ 1

4π2

∫ π

−π

∫ π

−π

f(x, y)e−i(jx+ky)dxdy. (5.21)

We have the following important properties for any m and n:

(i) When f is real-valued, then Tmn(f) are Hermitian, i.e.,

t
(j)
k (f) = t̄

(−j)
−k (f).

(ii) When f is real-valued with f(x, y) = f(−x,−y), then Tmn(f) are real sym-
metric, i.e.,

t
(j)
k (f) = t

(−j)
−k (f).

(iii) When f is real-valued and even, i.e., f(x, y) = f(|x|, |y|), then Tmn(f) are
level-2 symmetric, i.e.,

t
(j)
k (f) = t

(|j|)
|k| (f).

Let C2π×2π denote the space of all 2π-periodic (in each direction) continuous
real-valued functions f(x, y). The following theorem gives the relation between the
values of f(x, y) and the eigenvalues of Tmn(f). Although its proof is similar to
that of Theorem 1.12, we give it here for completeness.

Theorem 5.7. Let Tmn be a BTTB matrix with a generating function f(x, y) ∈
C2π×2π. Let λmin(Tmn) and λmax(Tmn) denote the smallest and largest eigenvalues
of Tmn, respectively. Then we have

fmin ≤ λmin(Tmn) ≤ λmax(Tmn) ≤ fmax,

where fmin and fmax denote the minimum and maximum values of f(x, y), respec-
tively. In particular, if fmin > 0, then Tmn is positive definite.
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Proof. Let

v =
(
v
(0)
0 , v

(0)
1 , . . . , v

(0)
n−1, v

(1)
0 , . . . , v

(m−1)
0 , . . . , v

(m−1)
n−1

)T

∈ C
mn.

Then we have

v∗Tmnv =
1

4π2

∫ π

−π

∫ π

−π

∣∣∣m−1∑
j=0

n−1∑
k=0

v
(j)
k e−i(jx+ky)

∣∣∣2f(x, y)dxdy. (5.22)

Since fmin ≤ f(x, y) ≤ fmax for all x and y, we have by (5.22),

fmin ≤ v∗Tmnv ≤ fmax,

provided that v satisfies the condition

v∗v =
1

4π2

∫ π

−π

∫ π

−π

∣∣∣m−1∑
j=0

n−1∑
k=0

v
(j)
k e−i(jx+ky)

∣∣∣2dxdy = 1.

Therefore, we have by the Courant–Fischer minimax theorem,

fmin ≤ λmin(Tmn) ≤ λmax(Tmn) ≤ fmax. �

Now we are going to analyze the convergence rate of the PCG method. We
consider f(x, y) in the Wiener class, i.e.,

∞∑
j=−∞

∞∑
k=−∞

|t(j)k (f)| < ∞.

We remark that the Wiener class is a proper subset of C2π×2π.

5.3.1 Convergence rate of c
(1)
F (Tmn)

Let

s
(1)
F (Tmn) ≡


s
(
T(0)

)
s
(
T(−1)

)
· · · s

(
T(1−m)

)
s
(
T(1)

)
s
(
T(0)

)
· · · s

(
T(2−m)

)
...

. . . . . .
...

s
(
T(m−1)

)
s
(
T(m−2)

)
· · · s

(
T(0)

)

 ,

where s
(
T(j)

)
is Strang’s circulant preconditioner defined as in (2.1) for T(j), |j| <

m − 1. Consider

c
(1)
F (Tmn) − Tmn = c

(1)
F (Tmn) − s

(1)
F (Tmn) + s

(1)
F (Tmn) − Tmn. (5.23)

By applying the technique used in the proofs of Theorem 2.2 and Lemma 2.8, for
any ε > 0, one can prove that

lim
n→∞

ρ
[
c
(1)
F (Tmn) − s

(1)
F (Tmn)

]
= 0, (5.24)
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where ρ[·] denotes the spectral radius and

s
(1)
F (Tmn) − Tmn = Mmn + LO(m), (5.25)

where Mmn and LO(m) are Hermitian matrices with

‖Mmn‖2 < ε, rank
(
LO(m)

)
≤ O(m);

see [21, 55] for details. By (5.23), (5.24), (5.25), and Weyl’s theorem, we immedi-
ately have the following theorem.

Theorem 5.8. Let Tmn be defined by (5.21) with a generating function f in the
Wiener class. Then for all ε > 0, there exists an N > 0 such that for all n > N

and all m > 0, at most O(m) eigenvalues of c
(1)
F (Tmn) − Tmn have absolute values

larger than ε.

If fmin > 0, by Theorem 5.7 and Theorem 5.2(iv), we then have

0 < fmin ≤ λmin(Tmn) ≤ λmin
(
c
(1)
F (Tmn)

)
≤ λmax

(
c
(1)
F (Tmn)

)
≤ λmax(Tmn) ≤ fmax.

Hence ‖
(
c
(1)
F (Tmn)

)−1‖2 is uniformly bounded. By noting that(
c
(1)
F (Tmn)

)−1
Tmn = I −

(
c
(1)
F (Tmn)

)−1(
c
(1)
F (Tmn) − Tmn

)
,

we have the following immediate corollary.

Corollary 5.9. Let Tmn be defined by (5.21) with a positive generating function
f in the Wiener class. Then for all ε > 0, there exists an N > 0 such that for all
n > N and all m > 0, at most O(m) eigenvalues of

(
c
(1)
F (Tmn)

)−1
Tmn − I have

absolute values larger than ε.

As a consequence, the spectrum of
(
c
(1)
F (Tmn)

)−1
Tmn is clustered around 1

except for at most O(m) outlying eigenvalues which are also bounded. By Theorem
1.10 and Corollary 5.9, when the PCG method is used to solve Tmnu = b, the
convergence rate will be fast. We recall that in Section 5.2.1, the algorithm requires
O(mn log2 m + mn log n) operations in each iteration. Thus, the total complexity
of the algorithm remains O(mn log2 m + mn log n).

5.3.2 Convergence rate of c
(2)
F,F (Tmn)

For the convergence rate of the PCG method with c
(2)
F,F (Tmn), we note that

c
(2)
F,F (Tmn) − Tmn = c

(2)
F,F (Tmn) − c̃

(1)
F (Tmn) + c̃

(1)
F (Tmn) − Tmn

= (c̃(1)
F ◦ c

(1)
F )(Tmn) − c̃

(1)
F (Tmn) + c̃

(1)
F (Tmn) − Tmn

= c̃
(1)
F

(
c
(1)
F (Tmn) − Tmn

)
+ c̃

(1)
F (Tmn) − Tmn

= c̃
(1)
F (Mmn + LO(m)) + Nmn + LO(n)

= c̃
(1)
F (Mmn) + c̃

(1)
F (LO(m)) + Nmn + LO(n),
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where Mmn, Nmn, LO(m), and LO(n) are defined similarly as in (5.25) with

‖Mmn‖2 < ε, ‖Nmn‖2 < ε

and
rank

(
LO(m)

)
≤ O(m), rank

(
LO(n)

)
≤ O(n).

Note that
‖c̃

(1)
F (Mmn)‖2 ≤ ‖c̃

(1)
F ‖2‖Mmn‖2 ≤ ‖Mmn‖2 < ε.

Also, one can easily show that

rank
(
c̃
(1)
F (LO(m))

)
≤ O(m).

We therefore have the following theorem.

Theorem 5.10. Let Tmn be defined by (5.21) with a generating function f in the
Wiener class. Then for all ε > 0, there exist M and N > 0 such that for all m > M

and all n > N , at most O(m)+O(n) eigenvalues of c
(2)
F,F (Tmn)−Tmn have absolute

values larger than ε.

When f is positive, by Theorem 5.7 and Theorem 5.6(iii), we have

0 < fmin ≤ λmin(Tmn) ≤ λmin
(
c
(2)
F,F (Tmn)

)
≤ λmax

(
c
(2)
F,F (Tmn)

)
≤ λmax(Tmn) ≤ fmax.

Hence ‖
(
c
(2)
F,F (Tmn)

)−1‖2 is uniformly bounded. By noting that

(
c
(2)
F,F (Tmn)

)−1
Tmn = I −

(
c
(2)
F,F (Tmn)

)−1
(
c
(2)
F,F (Tmn) − Tmn

)
,

we then have the following immediate corollary.

Corollary 5.11. Let Tmn be defined by (5.21) with a positive generating function f
in the Wiener class. Then for all ε > 0, there exist M and N > 0 such that for all
m > M and all n > N , at most O(m)+O(n) eigenvalues of

(
c
(2)
F,F (Tmn)

)−1
Tmn − I

have absolute values larger than ε.

As a consequence, the spectrum of
(
c
(2)
F,F (Tmn)

)−1
Tmn is clustered around 1

except for at most O(m) + O(n) outlying eigenvalues which are also bounded. By
Theorem 1.10 and Corollary 5.11, when the PCG method is used to solve Tmnu = b,
the convergence rate will be fast. We recall that in Section 5.2.2, the algorithm
requires O(mn log mn) operations in each iteration step. Thus, the total complexity
of the algorithm remains O(mn log mn). Finally, we would like to mention that in
general, BCCB preconditioners for BTTB systems are not optimal in the sense that
the spectra of preconditioned matrices are not clustered around 1 tightly; i.e., the
number of outlying eigenvalues depends on m and n (see [73]).
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5.4 Examples
In this section, we apply the PCG method to level-2 symmetric BTTB systems
Tmnu = b with the diagonals of the blocks T(j) in Tmn being given by t

(j)
k . Four

different generating sequences were tested:

(i) t
(j)
k =

1
(|j| + 1)(|k| + 1)1+0.1×(|j|+1) , j, k = 0,±1,±2, . . . ;

(ii) t
(j)
k =

1
(|j| + 1)1.1(|k| + 1)1+0.1×(|j|+1) , j, k = 0,±1,±2, . . . ;

(iii) t
(j)
k =

1
(|j| + 1)1.1 + (|k| + 1)1.1 , j, k = 0,±1,±2, . . . ;

(iv) t
(j)
k =

1
(|j| + 1)2.1 + (|k| + 1)2.1 , j, k = 0,±1,±2, . . . .

The generating sequences (ii) and (iv) are absolutely summable, while (i) and (iii)
are not. Tables 5.1 and 5.2 show the number of iterations required for convergence.
The right-hand side vector b is chosen again to be the vector of all ones. In all
cases, we see that as m = n increases, the number of iterations remains roughly a
constant for both c

(1)
F (Tmn) and c

(2)
F,F (Tmn).

Table 5.1. Preconditioners used and number of iterations.

Sequence (i) Sequence (ii)

n = m mn I c
(1)
F (Tmn) c

(2)
F,F (Tmn) I c

(1)
F (Tmn) c

(2)
F,F (Tmn)

8 64 15 6 7 15 5 7
16 256 28 6 8 27 6 8
32 1024 37 6 8 35 6 8
64 4096 45 7 9 41 7 9
128 16384 49 7 9 46 7 9
256 65536 51 7 9 47 7 9

Table 5.2. Preconditioners used and number of iterations.

Sequence (iii) Sequence (iv)

n = m mn I c
(1)
F (Tmn) c

(2)
F,F (Tmn) I c

(1)
F (Tmn) c

(2)
F,F (Tmn)

8 64 11 7 7 10 7 7
16 256 27 7 8 16 7 7
32 1024 43 8 8 23 8 8
64 4096 71 8 9 31 8 8
128 16384 104 8 9 36 8 8
256 65536 147 8 9 42 8 8
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The MATLAB programs generating Tables 5.1 and 5.2 are given in A.8–A.19.
To use them, one just has to run the main program A.8. It will prompt for the
input of four parameters: m and n, the size of the BTTB matrix Tmn; pchoice, the
choice of the preconditioner (either 0 for I, 1 for c

(1)
F (Tmn), or 2 for c

(2)
F,F (Tmn));

and fchoice, the generating sequence used with 1 for (i), etc.





Appendix A

M-files used in the book

In this appendix, Professor Fu-Rong Lin has kindly provided the MATLAB pro-
grams used for the numerical examples in this book. The interested readers could
study these codes and alter them as needed for their own purposes. For a general
guide of MATLAB implementations, we refer readers to [48].

Though the programs are explained in the main text, for readers’ convenience,
we give some brief explanations here. The programs A.1–A.7 are used for solving
Toeplitz systems in Sections 2.5, 3.5, and 4.4. To use them, one just has to run the
main program A.1. It will prompt for the input parameters to run the tests in those
sections. Program A.2 is used to generate the first column of Toeplitz matrices; and
A.3 computes the eigenvalues of circulant matrices. The code of the PCG method is
provided in A.5. In each iteration of the PCG method, we are required to solve the
preconditioned system and compute the multiplication of a Toeplitz matrix with a
vector. They are done by A.6 and A.7, respectively. Program A.4 computes the
coefficients of the generalized Jackson kernel Km,2r defined in (4.2).

The programs in A.8–A.19 are used for solving BTTB systems. To use them,
run the main program A.8. The programs in A.9 and A.10 generate the first column
and/or the first row of each block of BTTB matrices. The program in A.11 computes
the eigenvalues of BCCB matrices. Programs A.12, A.14, and A.18 contain the
codes of the PCG method with no preconditioner, the CB preconditioner c

(1)
F (Tmn),

and the BCCB preconditioner c
(2)
F,F (Tmn), respectively. The programs for computing

the eigenvalues of preconditioners c
(1)
F (Tmn) and c

(2)
F,F (Tmn) are in A.13 and A.17,

respectively. In each iteration of the PCG method, we use A.15 and A.19 to solve
the preconditioned system (5.18) and (5.19), respectively. Finally, A.16 multiplies
a BTTB matrix with a vector.

85
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Toeplitz Systems

A.1
% The main program for solving Toeplitz systems T\bu = {\bf b}.
clear % release all variables from the MATLAB workspace
tol = 1.0e-7; % the tolerance for the PCG method
it_max = 4000; % the maximum number of iterations for the PCG method

n = input(’input the size of the Toeplitz system n: ’);
disp(’choice of preconditioners: ’);
disp(’0: no preconditioner’);
disp(’1: T. Chan preconditioner’);
disp(’2: Strang preconditioner’);
disp(’3: R. Chan preconditioner’);
disp(’4: Modified Dirichlet kernel’);
disp(’5: de la Vallee Poussin kernel’);
disp(’6: von Hann kernel’);
disp(’7: Hamming kernel’);
disp(’8: Bernstein kernel’);
disp(’9: Generalized Jackson kernel, r=2’);
disp(’10: Generalized Jackson kernel, r=3’);
disp(’11: Generalized Jackson kernel, r=4’);
disp(’12: superoptimal preconditioner’);

pchoice = input(’input a preconditioner (pchoice): 0˜12: ’);

fprintf(’\n’);
disp(’choice of entries for Toeplitz matrices: ’);
disp(’1: for results in Table 2.1’);
disp(’2: for results in Table 3.3’);
disp(’3: for results in Table 3.4’);
disp(’4: for results in Table 4.1 with f(x)=xˆ4+1’);
disp(’5: for results in Table 4.1 with f(x)=|x|ˆ3+0.01’);
disp(’6: for results in Table 4.2 with f(x)=xˆ2’);
disp(’7: for results in Table 4.2 with f(x)=xˆ2(piˆ4-xˆ4)’);
disp(’8: for results in Table 4.3 with f(x)=xˆ4’);
disp(’9: for results in Table 4.3 with f(x)=xˆ4(piˆ2-xˆ2)’);
disp(’10: for results in Table 4.4 with f(x)=|x|ˆ3’);
disp(’11: for results in Table 4.4 with f(x)=sigma-0.3862’);

fchoice = input(’input an example (fchoice): 1˜11: ’);

t = kern(n,fchoice); % t is the first column of the Toeplitz matrix T
b = ones(n,1); % the right-hand side vector b
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[gev,ev] = genevs(t,pchoice); % compute the eigenvalues; see A.3
ig = zeros(n,1); % the initial guess

u = pcg(gev,ev,b,ig,tol, it_max); % call the PCG method

A.2
function t = kern(n,fchoice)
% kern generates the first column of Toeplitz matrix T
% depending on fchoice.
% n: the size of the Toeplitz matrix T;
% fchoice = 1: example for Chapter 2;
% fchoice = 2 and 3: examples for Chapter 3;
% fchoice = 4 to 9: examples for Chapter 4;
% t: the first column of the Toeplitz matrix.

t = zeros(1,n);

if fchoice == 1
t(1) = 2;
t(2:n) = (1+sqrt(-1))./((2:n).ˆ1.1);

elseif fchoice == 2
i = sqrt(-1);
t(1) = 4.2;
k = 1:n-1;
t(2:n) = (exp(i*k.*log(k)))./k;

elseif fchoice == 3
i = sqrt(-1);
t(1) = 6.5;
k = 1:n-1;
t(2:n) = (exp(i*k.*log(k)))./sqrt(k);

elseif fchoice == 4 % f(x) = xˆ4+1;
pi2 = pi*pi;
k = (1:n-1).ˆ2;
t(1) = pi2*pi2/5 + 1;
t(2:n) = (4*pi2-24./k)./k;
t(2:2:n) = -t(2:2:n);

elseif fchoice == 5 % f(x) = |x|ˆ3+0.01;
k = (1:n-1).ˆ2;
tp1 = ones(1,n-1); tp1(1:2:n-1) = -1;
tp2 = zeros(1,n-1); tp2(1:2:n-1) = 12;
t(1) = 1/4*piˆ3+0.01;
t(2:n) = ((3*pi)*tp1)./k+(tp2/pi)./(k.ˆ2);
t(2:n) = (3*pi*tp1+(tp2/pi)./k)./k;
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elseif fchoice == 6 % f(x) = xˆ2;
t(1) = pi*pi/3;
t(2:n) = 2./((1:n-1).ˆ2);
t(2:2:n) = -t(2:2:n);

elseif fchoice == 7 % f(x) = xˆ2(piˆ4-xˆ4);
pi2 = pi*pi; pi4 = pi2*pi2;
tp = 194.8181820680048-6*pi4;
k = (1:n-1).ˆ2;
t(1) = -1/7*pi2*pi4+32.46969701133414*pi2;
t(2:n) = ((-720./k+pi2*120)./k+tp)./k;
t(2:2:n) = -t(2:2:n);

elseif fchoice == 8 % f(x) = xˆ4;
pi2 = pi*pi;
k = (1:n-1).ˆ2;
t(1) = pi2*pi2/5;
t(2:n) = (4*pi2-24./k)./k;
t(2:2:n) = -t(2:2:n);

elseif fchoice == 9 % f(x) = xˆ4(piˆ2-xˆ2);
pi2 = pi*pi; pi4 = pi2*pi2;
k = (1:n-1).ˆ2;
t(1) = (-1/7*pi2+1.97392088021787)*pi4;
c1 = 39.47841760435743*pi2-6*pi4;
c2 = 120*pi2-236.8705056261446;
t(2:n) = ((-720./k+c2)./k+c1)./k;
t(2:2:n) = -t(2:2:n);

elseif fchoice == 10 % f(x) = |x|ˆ3;
k = (1:n-1).ˆ2;
tp1 = ones(1,n-1); tp1(1:2:n-1) = -1;
tp2 = zeros(1,n-1); tp2(1:2:n-1) = 12;
t(1) = 1/4*piˆ3;
t(2:n) = ((3*pi)*tp1)./k+(tp2/pi)./(k.ˆ2);
t(2:n) = (3*pi*tp1+(tp2/pi)./k)./k;

elseif fchoice == 11 % f(x) = sigma-0.3862;
t(1) = 0.6138;
m = min(n,1024);
t(2:m) = 1./(1+(1:m-1));

end

A.3
function [gev,ev] = genevs(t,pchoice)
% genevs computes the eigenvalues of the circulant matrix in which T
% is embedded and the eigenvalues of circulant preconditioner C.
% t: the first column of the Toeplitz matrix T;
% pchoice: choice of preconditioner;
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% gev: the eigenvalues of the circulant matrix in which
% the Toeplitz matrix T is embedded;
% ev: the eigenvalues of the circulant preconditioner C.

n = length(t);
t1 = conj(t(n:-1:2)); % last column of T
gev = real(fft([t 0 t1].’));

if pchoice == 1 % T. Chan’s preconditioner
coef = 1/n:1/n:1-1/n;
ev = fft([t(1) (1-coef).*t(2:n)+coef.*t1])’;

elseif pchoice == 2 % Strang’s preconditioner.
ev = fft([t(1:n/2) 0 conj(t(n/2:-1:2))].’);

elseif pchoice == 3 % R. Chan’s preconditioner
ev = fft([t(1) t(2:n)+t1].’);

elseif pchoice == 4 % Modified Dirichlet kernel
c = [t(1) t(2:n)+t1].’;
c(2) = c(2)-0.5*t1(1);
c(n) = c(n)-0.5*t(n);
ev = fft(c);

elseif pchoice == 5 % de la Vallee Poussin kernel
c = zeros(1,n);
c(1) = t(1);
m = floor(n/2);
c(2:m+1) = (1:m).*conj(t(2*m:-1:m+1))/m+t(2:m+1);
c(m+2:2*m) = (m-1:-1:1).*t(m+2:2*m)/m+conj(t(m:-1:2));
ev = fft(c)’;

elseif pchoice == 6 % von Hann kernel
tp = pi/(2*n);
coef = (cos(tp:tp:(n-1)*tp)).ˆ2;
c = [t(1) coef.*t(2:n)+(1-coef).*t1];
ev = fft(c)’;

elseif pchoice == 7 % Hamming kernel
tp = pi/(2*n);
coef = (cos(tp:tp:(n-1)*tp)).ˆ2;
c = [t(1) 0.46*(coef.*t(2:n)+(1-coef).*t1)+0.54*(t(2:n)+t1)];
ev = fft(c)’;

elseif pchoice == 8 % Bernstein kernel
tp = pi/n;
coef = 0.5*(1+exp((tp:tp:(n-1)*tp)*i));
c = [t(1) coef.*t(2:n)+(1-coef).*t1];
ev = fft(c)’;

elseif pchoice == 9 % Generalized Jackson kernel: r = 2
coef = convol(n,2);
c = [t(1)*coef(1) coef(2:n).*t(2:n)+coef(n:-1:2).*t1];
ev = fft(c)’;
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elseif pchoice == 10 % Generalized Jackson kernel: r = 3
coef = convol(n,3);
c = [t(1)*coef(1) coef(2:n).*t(2:n)+coef(n:-1:2).*t1];
ev = fft(c)’;

elseif pchoice == 11 % Generalized Jackson kernel: r = 4
coef = convol(n,4);
c = [t(1)*coef(1) coef(2:n).*t(2:n)+coef(n:-1:2).*t1];
ev = fft(c)’;

elseif pchoice == 12 % Superoptimal preconditioner
h = zeros(n,1); % h: first column of the circulant part
s = zeros(n,1); % s: first column of the skew-circulant part
h(1) = 0.5*t(1);
s(1) = h(1);
t = t.’;
t1 = t1.’;

h(2:n) = 0.5*(t(2:n) + t1);
s(2:n) = t(2:n)-h(2:n);

ev1 = fft(h);
coef = (1:-2/n:2/n-1)’;
c = coef.*s;
% first column of T. Chan’s preconditioner
% for the skew-circulant part
ev2 = fft(c);

d = (exp((0:1/n:1-1/n)*pi*i)).’;
s = s.*d;
sev = fft(s); % eigenvalues of the skew-circulant part
sev = sev.*conj(sev);
s = ifft(s);
s = conj(d).*s;
h = coef.*s;
ev3 = fft(h);

ev = (abs(ev1).ˆ2 + 2*ev1.*ev2+ev3)./ev1;
elseif pchoice == 0

ev = ones(n,1);
end
ev = real(ev);

A.4
function coef = convol(n,r)
% convol computes the coefficients for the generalized Jackson kernel.
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% K_{m,2r}, see (4.2).
% n: the size of the Toeplitz matrix T;
% r: 2, 3, or 4;
% coef: the coefficients {b_kˆ(m,r):|k|<=r(m-1)} of
% the generalized Jackson kernel K_{m,2r}.

m = floor(n/r);
a = 1:-1/m:1/m;

r0 = 1;
coef = [a(m:-1:2) a];
while r0 < r

M = (2*r0+3)*m;
b1 = zeros(M,1);
c = zeros(M,1);
c(1:m) = a;
c(M:-1:M-m+2) = a(2:m);
b1(m:m+2*r0*(m-1)) = coef;
tp = ifft(fft(b1).*fft(c));
coef = real(tp(1:2*(r0+1)*(m-1)+1));
r0 = r0+1;

end
M = r*(m-1)+1;
coef = [coef(M:-1:1)’ zeros(1,n-M)]’;
coef = coef’;

A.5
function u = pcg(gev,ev,b,ig,tol,it_max)
% pcg uses PCG to solve the Toeplitz system Tx=b with circulant
% preconditioner C.
% gev: the eigenvalues of the circulant matrix in which
% the Toeplitz matrix T is embedded, see A.3;
% ev: the eigenvalues of the circulant preconditioner C
% which depend on the choice of preconditioner, see A.3;
% b: the right-hand side vector b;
% ig: the initial guess;
% tol: the tolerance;
% it_max: the maximal number of iterations;
% u: the output solution.

r = b-tx(ig,gev);
u = ig;
aa = norm(r);
t1 = 1;
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d = zeros(length(b),1);
iter = 1;
e(1) = aa;
fprintf(’\n at step %1.0f, residual=%e’, iter-1, e(iter));

while iter < it_max & e(iter)/e(1) > tol,
z = cinvx(r,ev);
t1old = t1;
t1 = z’*r;
beta = t1/t1old;
d = z+beta*d;
s = tx(d,gev);
suma = d’*s;
tau = t1/suma;
u = u+tau*d;
r = r-tau*s;
iter = iter+1;
e(iter) = sqrt(r’*r);
fprintf(’\n at step %1.0f, relative residual = %e’,...

iter-1,e(iter)/e(1));
end
if (iter == it_max),

fprintf(’\n Maximum iterations reached’);
end

A.6
function y = cinvx(d,ev)
% cinvx solves the preconditioning (circulant) system Cy=d.
% d: the right-hand side vector;
% ev: the eigenvalues of the circulant matrix C;
% y: the output vector.

y = ifft(fft(d)./ev);
if norm(imag(y)) < 1.0e-14 % check if v is real

y = real(y);
end

A.7
function y = tx(v,gev)
% tx multiplies the Toeplitz matrix T with a vector v.
% v: the vector to be applied;
% gev: the eigenvalues of the circulant matrix
% in which T is embedded, see A.3;
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% y: the result of the multiplication.

n = length(v);
y = zeros(2*n,1);
y(1:n) = v;

y = ifft(fft(y).*gev);
y = y(1:n);
if norm(imag(y)) < 1.0e-14 % check if y is real

y = real(y);
end

BTTB Systems

A.8
% The main program for solving BTTB systems T_{mn}u = b.
clear % release all variables from the MATLAB workspace
m = input(’input the number of blocks m: ’);
n = input(’input the size of each block n: ’);

disp(’choice of preconditioners: ’)
disp(’0: No preconditioner’);
disp(’1: CB preconditioner’);
disp(’2: BCCB preconditioner’);

pchoice = input(’input a preconditioner (pchoice): 0, 1, 2: ’);

fprintf(’\n’);
disp(’choice of sequences: ’);
disp(’1: Sequence (i) in Table 5.1’);
disp(’2: Sequence (ii) in Table 5.1’);
disp(’3: Sequence (iii) in Table 5.2’);
disp(’4: Sequence (iv) in Table 5.2’);

fchoice = input(’choice an example (fchoice): 1˜4: ’);

ig = zeros(m*n,1); % the initial guess
b = ones(m*n,1); % the right-hand side vector
t = fcolrow(m,n,fchoice); % the first columns and first rows

% of each block of T_{mn}; see A.9.
tev = gentev(t); % the eigenvalues of the BCCB matrix

% in which T_{mn} is embedded; see A.11
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tol = 1.e-7;
if pchoice == 0

% call CG method without any preconditioner
u = cg(b,ig,tev,tol);

end

if pchoice == 1
ev = genl1ev(t);
% call PCG method with the CB preconditioner
u = pcgl1(b,ig,tev,ev,tol);

end

if pchoice == 2
ev = genl2ev(t);
% call PCG method with the BCCB preconditioner
u = pcgl2(b,ig,tev,ev,tol);

end

A.9
function t = fcolrow(m,n,fchoice)
% fcolrow generates the first columns and first rows of each block of
% the BTTB matrices T_{mn}. This program can also be used for
% nonsymmetric BTTB matrices.
% m: the number of blocks;
% n: the size of each block;
% fchoice: the choice of generating function;
% t: (2n)-by-(2m) matrix consists of first columns and first rows
% of the blocks of the BTTB matrix. Each column of t contains
% the first column and first row of a Toeplitz block.

m1 = 2*m; n1 = 2*n;
t = zeros(m1,n1);

for i = 0:m-1,
for j = 0:n-1,

t(i+1,j+1) = kern(-i,-j,fchoice);
end

end

for i = m+1:m1-1,
for j = 0:n-1,

t(i+1,j+1) = kern(m1-i,-j,fchoice);
end

end
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for i = 0:m-1,
for j = n+1:n1-1,

t(i+1,j+1) = kern(-i,n1-j,fchoice);
end

end

for i = m+1:m1-1,
for j = n+1:n1-1,

t(i+1,j+1) = kern(m1-i,n1-j,fchoice);
end

end

t = t.’;

A.10
function y = kern(k,j,fchoice)
% kern computes the (j,1) entry of the (k,1) block of the
% BTTB matrix T_{mn}.
% fchoice: the choice of generating function;
% y: the output entry.

j = abs(j); k = abs(k); % for double symmetric BTTB matrix

if fchoice == 1, % Sequence (i)
y = 1./((j+1)*(k+1)ˆ(1.1+0.1*j));

elseif fchoice == 2, % Sequence (ii)
y = 1./((j+1)ˆ1.1*(k+1)ˆ(1.1+0.1*j));

elseif fchoice == 3, % Sequence (iii)
y = 1./((j+1)ˆ1.1+(k+1)ˆ1.1);

elseif fchoice == 4, % Sequence (iv)
y = 1./((j+1)ˆ2.1+(k+1)ˆ2.1);

end

A.11
function tev = gentev(t)
% gentev computes eigenvalues of the BCCB matrix in which
% the BTTB matrix T_{mn} is embedded;
% t: the matrix generated by fcolrow.m, see A.9;
% tev: the output eigenvalues of the BCCB matrix.

tev = fft2(t);
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A.12
function u = cg(b,ig,tev,tol)
% cg uses the CG method for solving T_{mn}u=b without any preconditioner.
% b: the right-hand side vector;
% ig: the initial guess for the CG method;
% tev: the eigenvalues generated by gentev.m, see A.11;
% tol: the tolerance;
% u: the output solution.

mmax = 1000; % the maximal number of iterations
u = ig;

r = b-tx(tev,u);
e(1) = norm(r);
fprintf(’\n Initial residual = %e’,e(1));
iter = 1;
t1 = 1.0;
d = zeros(length(ig),1);
while iter < mmax & e(iter)/e(1) > tol,

z = r;
t1old = t1;
t1 = z’*r;
beta = t1/t1old;
d = z+beta*d;
s = tx(tev,d);
suma = d’*s;
tau = t1/suma;
u = u+tau*d;
r = r-tau*s;
iter = iter+1;
e(iter) = norm(r);
fprintf(’\n at step %1.0f, relative residual = %e’,...

iter-1,e(iter)/e(1));
end

if (iter == mmax),
fprintf(’\n Maximum iterations reached’);

end

A.13
function ev = genl1ev(t)
% ev computes eigenvalues of circulant blocks of the CB preconditioner.
% t: the matrix generated by fcolrow.m, see A.9;
% ev: n-by-(2m) matrix, each column consists of eigenvalues of a
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% circulant block.

[n,m] = size(t);
n = n/2;
ev = zeros(n,m);
v = zeros(n,m);
v(1,:) = t(1,:);
for i = 2:n,

v(i,:) = ((n-(i-1))*t(i,:)+(i-1)*t(n+i,:))/n;
end
ev = fft(v);

A.14
function u = pcgl1(b,ig,tev,ev,tol)
% pcgl1 uses the PCG method for solving T_{mn}u=b with the
% CB preconditioner.
% b: the right-hand side vector;
% ig: the initial guess;
% tev: the matrix generated by gentev.m, see A.11;
% ev: the matrix generated by genl1ev.m, see A.13;
% tol: the tolerance;
% u: the output solution.

mmax = 1000; % the maximal number of iterations
u = ig;

r = b-tx(tev,u);
e(1) = norm(r);
fprintf(’\n Initial residual = %e’,e(1));

iter = 1;
t1 = 1.0;
d = zeros(length(ig),1);
while iter < mmax & e(iter)/e(1) > tol,

z = l1cinvx(ev,r);
t1old = t1;
t1 = z’*r;
beta = t1/t1old;
d = z+beta*d;
s = tx(tev,d);
suma = d’*s;
tau = t1/suma;
u = u+tau*d;
r = r-tau*s;
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iter = iter+1;
e(iter) = norm(r);
fprintf(’\n at step %1.0f, relative residual = %e’,...

iter-1,e(iter)/e(1));
end

if (iter == mmax),
fprintf(’\n Maximum iterations reached’);

end

A.15
function y = l1cinvx(ev,d)
% l1cinvx solves the preconditioning system Cy=d with
% CB preconditioner.
% ev: the matrix generated by genl1ev.m, see A.13;
% d: the right-hand side vector;
% y: the output solution.

[n,m] = size(ev);
m = m/2;
rex = reshape(d,n,m);
rex = fft(rex);

for i = 1:n,
A = toeplitz(ev(i,1:m),[ev(i,1),ev(i,2*m:-1:m+2)]);
rex(i,:) = (A\((rex(i,:))’))’;

% We may solve the Toeplitz systems by the PCG methods or
% by fast direct methods
end

rex = ifft(rex);
y = reshape(rex,m*n,1);

A.16
function y = tx(tev,v)
% tx multiplies the BTTB matrix T_{mn} with vector v.
% tev: the matrix generated by gentev.m, see A.11;
% y: the output vector.

[n1,m1] = size(tev);
m = m1/2;

n = n1/2;
v = reshape(v,n,m);
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ev = zeros(n1,m1);
ev(1:n,1:m) = v;

y = fft2(ev);
y = tev.*y;
y = ifft2(y);
y = y(1:n,1:m);
y = reshape(y,m*n,1);

A.17
function ev = genl2ev(t)
% genl2ev computes eigenvalues of the BCCB preconditioner.
% t: the matrix generated by fcolrow.m, see A.9;
% ev: all eigenvalues of the BCCB preconditioner.

[n,m] = size(t);
n = n/2;
v = zeros(n,m);

v(1,:) = t(1,:);
for i = 2:n

v(i,:) = ((n-(i-1))*t(i,:)+(i-1)*t(n+i,:))/n;
end
v = fft(v); % CB eigenvalues.

v = v.’;
m = m/2;
ev(1,:) = v(1,:);
for i = 2:m

ev(i,:) = ((m-(i-1))*v(i,:)+(i-1)*v(m+i,:))/m;
end

if min(n,m) >= 2
ev = fft(ev);

end
ev = ev.’;

A.18
function u = pcgl2(b,ig,tev,ev,tol)
% pcgl2 uses PCG method for solving T_{mn}u=b with the
% BCCB preconditioner.
% b: the right-hand side vector;
% ig: the initial guess;
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% tev: the matrix generated by gentev.m, see A.11;
% ev: the matrix generated by genl2ev.m, see A.17;
% tol: the tolerance;
% u: the output solution.

mmax = 1000; % the maximal number of iterations.
u = ig;

r = b-tx(tev,u);
e(1) = norm(r);
fprintf(’\n Initial residual = %e’,e(1));

iter = 1;
t1 = 1.0;
d = zeros(length(ig),1);
while iter < mmax & e(iter)/e(1) > tol,

z = l2cinvx(ev,r);
t1old = t1;
t1 = z’*r;
beta = t1/t1old;
d = z+beta*d;
s = tx(tev,d);
suma = d’*s;
tau = t1/suma;
u = u+tau*d;
r = r-tau*s;
iter = iter+1;
e(iter) = norm(r);
fprintf(’\n at step %1.0f, relative residual = %e’,...

iter-1,e(iter)/e(1));
end

if (iter == mmax),
fprintf(’\n Maximum iterations reached’);

end

A.19
function y = l2cinvx(ev,d)
% l2cinvx solves the preconditioning system Cy=d for the
% BCCB preconditioner.
% ev: the matrix generated by genl2ev.m, see A.17;
% d: the right-hand side vector;
% y: the output solution.
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[n,m] = size(ev);
rex = reshape(d,n,m);
rex = fft2(rex);
rex = rex./ev;
rex = ifft2(rex);
y = reshape(rex,n*m,1);
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