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Preface

In this book, we introduce current developments and applications in using
iterative methods for solving Toeplitz systems. Toeplitz systems arise in a vari-
ety of applications in mathematics, scientific computing, and engineering, for in-
stance, numerical partial and ordinary differential equations; numerical solution of
convolution-type integral equations; stationary autoregressive time series in statis-
tics; minimal realization problems in control theory; system identification prob-
lems in signal processing and image restoration problems in image processing; see
[24, 36, 45, 55, 66].

In 1986, Strang [74] and Olkin [67] proposed independently the use of the
preconditioned conjugate gradient (PCG) method with circulant matrices as pre-
conditioners to solve Toeplitz systems. One of the main results of this iterative
solver is that the complexity of solving a large class of n-by-n Toeplitz systems
T,u = b is only O(nlogn) operations. Since then, iterative Toeplitz solvers have
garnered much attention and evolved rapidly over the last two decades.

This book is intended to be a short and quick guide to the development of
iterative Toeplitz solvers based on the PCG method. Within limited space and
time, we are forced to deal with only important aspects of iterative Toeplitz solvers
and give special attention to the construction of efficient circulant preconditioners.
Applications of iterative Toeplitz solvers to some practical problems will be briefly
discussed. We wish that after reading the book, the readers can use our methods
and algorithms to solve their own problems easily.

The book is organized into five chapters. In Chapter 1, we first introduce
Toeplitz systems and discuss their applications. We give a brief survey of classical
(direct) Toeplitz solvers. Some background knowledge of matrix analysis that will
be used throughout the book is provided. A preparation for current developments
in using the PCG method to solve Toeplitz systems is also given.

In Chapter 2, we study some well-known circulant preconditioners which have
proven to be efficient for solving some well-conditioned Hermitian Toeplitz systems.
We introduce the construction of Strang’s preconditioner, T. Chan’s preconditioner,
and the superoptimal preconditioner. A detailed analysis of the convergence rate
of the PCG method and some numerical tests with these three preconditioners are
also given. Other useful preconditioners will be briefly introduced.

Chapter 3 develops a unified treatment of different circulant precondition-
ers. We consider circulant preconditioners for Hermitian Toeplitz systems from
the viewpoint of function theory. Some well-known circulant preconditioners can

xi



Xii Preface

be derived from convoluting the generating function of the Toeplitz matrix with
some famous kernels. Several new circulant preconditioners are then constructed
using this approach. An analysis of convergence rate is given with some numerical
examples.

Chapter 4 describes how a family of efficient circulant preconditioners can
be constructed for ill-conditioned Hermitian Toeplitz systems T,,u = b. Inspired
by the unified theory developed in Chapter 3, the preconditioners are constructed
by convoluting the generating function of 7T}, with the generalized Jackson kernels.
When the generating function is nonnegative continuous with a zero of order 2p, the
condition number of T}, is known to grow as O(n??). We show, however, that the
preconditioner is positive definite and the spectrum of the preconditioned matrix
is uniformly bounded except for at most 2p + 1 outliers. Moreover, the smallest
eigenvalue is uniformly bounded away from zero. Hence the PCG method con-
verges linearly when used to solve the system. Numerical examples are included to
illustrate the effectiveness of the preconditioners.

Chapter 5 is devoted to the study of block circulant preconditioners for the
solution of block systems T,,,u = b by the PCG method, where T,,,, are m-by-m
block Toeplitz matrices with n-by-n Toeplitz blocks. Such a kind of system appears
in many applications, especially in image processing [45, 66]. The preconditioners
cg)(Tmn) and cg)F(Tmn) are constructed to preserve the block structure of T),,
and are defined to be the minimizers of || Ty — Cynn|| & over some special classes of

matrices. We prove that if T}, is positive definite, then cg)(Tmn) and cg)F(Tmn)
are positive definite too. We illustrate their effectiveness for solving block Toeplitz
systems by some numerical examples.

To facilitate the use of the methods discussed in this book, we have included
in the appendix the MATLAB programs that were used to generate our numerical
results here.

This book contains some important parts of our research work in the past 20
years. Some research results are joint work with Prof. Michael K. Ng of the Depart-
ment of Mathematics, Hong Kong Baptist University; Prof. Man-Chung Yeung of
the Department of Mathematics, University of Wyoming; and Dr. Andy M. Yip of
the Department of Mathematics, National University of Singapore. We are indebted
to Prof. Tony F. Chan of the Department of Mathematics, University of California
at Los Angeles; Prof. Gene Golub of the Department of Computer Science, Stanford
University; Prof. Robert Plemmons of the Department of Mathematics and Com-
puter Science, Wake Forest University; and Prof. Gilbert Strang of the Department
of Mathematics, Massachusetts Institute of Technology, for their enlightening ideas,
suggestions, and comments, from which we benefited a great deal. We are grateful
to Prof. Fu-Rong Lin of the Department of Mathematics, Shantou University; and
our student Mr. Wei Wang, for their help in the MATLAB programs used in the
book. Thanks are also due to our families for their encouragement, great support,
and patience, which are essential to the completion of the book.

The research results included in the book are supported by a number of grants
provided by HKRGC of Hong Kong and research grant 050/2005/A provided by
FDCT of Macao.



Chapter 1

Introduction

In this chapter, we first introduce the Toeplitz system, its history, and some remarks
on classical (direct) Toeplitz solvers. We then develop the background knowledge
in matrix analysis that will be used throughout the book. A preparation for the
development of iterative Toeplitz solvers is also given.

1.1 Toeplitz systems

An n-by-n Toeplitz matrix is of the following form:

to t_1 T to-n ti-n
ty to t-1 - tog
T,=1| : t to . (1.1)
tn—2 t—l
th—1 th—2 - ty to

ie., t;; = ti—; and T,, is constant along its diagonals. The name Toeplitz is in
memorial of O. Toeplitz’s early work [78] in 1911 on bilinear forms related to Laurent
series; see [43] for details. We are interested in solving the Toeplitz system

T,u=Db,

where b is a known vector and u is an unknown vector.
Toeplitz systems arise in a variety of applications in different fields of mathe-
matics, scientific computing, and engineering [15, 24, 36, 45, 55, 57, 66]:

1) Numerical partial and ordinary differential equations.

2) Numerical solution of convolution-type integral equations.

3) Statistics—stationary autoregressive time series.

(
(
(
(4

)
)
)
)

Signal processing—system identification and recursive filtering.
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(5
(6
(
(

Image processing—image restoration.
Padé approximation—computation of coefficients.

7

Control theory—minimal realization and minimal design problems.

)
)
)
)

8) Networks—stochastic automata and neutral networks.

These applications have motivated mathematicians, scientists, and engineers to de-
velop specifically fast algorithms for solving Toeplitz systems. Such kinds of algo-
rithms are called Toeplitz solvers.

Most of the early works on Toeplitz solvers were focused on direct methods.
A straightforward application of the Gaussian elimination method will result in an
algorithm of O(n?) complexity. However, since n-by-n Toeplitz matrices are deter-
mined by only 2n — 1 entries rather than n? entries, it is expected that the solution
of Toeplitz systems can be obtained in less than O(n?) operations. Levinson’s algo-
rithm [62] proposed in 1946 is the first algorithm which reduces the complexity to
O(n?) operations. A number of algorithms with such complexity can be found in the
literature; see, for instance, [46, 81, 88]. These algorithms require the invertibility
of the (n — 1)-by-(n — 1) principal submatrix of T,.

Around 1980, fast direct Toeplitz solvers of complexity O(n log? n) were devel-
oped [2, 11, 13, 50]. These algorithms require the invertibility of the |n/2]-by-|n/2]
principal submatrix of T,.

The stability properties of these direct methods for symmetric positive definite
Toeplitz systems are discussed in Bunch [15]. It was noted that if T, has a singular
or ill-conditioned principal submatrix, then a breakdown (or near-breakdown) can
occur in these algorithms. Such breakdowns will cause numerical instabilities in
subsequent steps and result in inaccurate solutions.

The question of how to avoid breakdowns (or near-breakdowns) by skipping
over singular submatrices or ill-conditioned submatrices has been studied exten-
sively [38, 42, 47, 77, 87]. In particular, T. Chan and Hansen in 1992 derived the
look-ahead Levinson algorithm [34]. The basic idea of the algorithm is to relax the
inverse triangular decomposition slightly and to compute an inverse block factor-
ization of the Toeplitz matrices with a block diagonal matrix instead of a scalar
diagonal matrix. Other look-ahead extensions of fast Toeplitz solvers can be found
in [39, 40].

Strang [74] and Olkin [67] in 1986 proposed independently the use of the
preconditioned conjugate gradient (PCG) method with circulant matrices as pre-
conditioners to solve symmetric positive definite Toeplitz systems. One of the main
results of this iterative solver is that the complexity of solving a large class of n-
by-n Toeplitz systems T,,u = b is only O(nlogn) operations. Since then, iterative
Toeplitz solvers based on the PCG method have evolved rapidly with many papers
appearing on the subject, especially in the past 10 years. It is difficult for us to
include all of the different developments into this book. After compromising, we
will deal only with important aspects of these iterative Toeplitz solvers and give
some insight into how to design efficient preconditioners. Applications of iterative
Toeplitz solvers to some practical problems will be briefly mentioned. We hope
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that the selection of topics and the style of presentation will be useful to anyone
interested in iterative Toeplitz solvers. In the following, before we begin to study
these iterative solvers in detail, we need to introduce some background knowledge
in matrix analysis which will be used throughout the book.

1.2 Background in matrix analysis

An overview of the relevant concepts in matrix analysis is given here. The material
will be helpful in developing our theory in later chapters.

1.2.1 Basic symbols

We will be using the following symbols throughout this book.

e Let R denote the set of real numbers and C the set of complex numbers, and

leti=+v—1.

e Let R™ denote the set of real n-vectors and C™ the set of complex n-vectors.
Vectors will always be column vectors.

e Let R™*™ denote the linear vector space of n-by-n real matrices and C™*" the
linear vector space of n-by-n complex matrices.

e The uppercase letters such as A, B, C, A, and A denote matrices, and the
boldface lowercase letters such as x, y, and z denote vectors.

e The symbol (A);; = a;; denotes the (7,j)th entry of a matrix A. For an n-
by-n matrix, the indexes i, j usually go from 1 to n, but sometimes they go
from 0 to n — 1 for convenience.

e Let A, denote any m-by-m block matrix with n-by-n blocks and (Amn )i jik.i
denote the (7, j)th entry in the (k,{)th block of matrix A,,,.

e The symbol AT denotes the transpose of a matrix A, and A* denotes the
conjugate transpose of A.

e Let rank(A) denote the rank of a matrix A.

e Let dim(Z") denote the dimension of a vector space 2.

e We use diag(ai1,...,ann) to denote the n-by-n diagonal matrix:
ail 0 0
diag(ai1,...,ann) = 0 ax
0
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e The symbol I,, denotes the n-by-n identity matrix:

1 0 0

I, = 0 1
0
0 0 1

When there is no ambiguity, we shall write it as I. The symbol e; will denote
the ith unit vector, i.e., the ith column vector of I.

e Let Apin(A) and Apax(A) denote the smallest and largest eigenvalues of A,
respectively.

e We use p[A] = max |\;(A)| to denote the spectral radius of A, where \; goes
through the spectrum of A, i.e., the set of all eigenvalues of A.

e Let omax(A) denote the largest singular value of A.

e Let Co, be the space of all 27-periodic continuous real-valued functions f(x)
and C;r denote the subspace of all functions f(z) > 0 in Ca, which are not
identically zero.

e Let Corx2r denote the space of all 27-periodic (in each direction) continuous
real-valued functions f(z,y).

1.2.2 Spectral properties of Hermitian matrix

A matrix A € C™"*" is said to be Hermitian if A* = A, and a matrix A € R"*"
is said to be symmetric if AT = A. Hermitian and symmetric matrices have many
elegant and important spectral properties (see [51, 56, 80, 86]), and here we present
only several classical results that will be used later on.

Theorem 1.1 (spectral theorem). Let A € C"*™. Then A is Hermitian if and
only if there exist a unitary matric U € C"*" and a diagonal matriz A € R™*"
such that A =UAU*.

We recall that a matrix M € C"*™ is unitary if M~ = M*.

Theorem 1.2 (Courant—Fischer minimax theorem). If A € C"*" is Hermi-
tian with eigenvalues
M <A< < A,

then for each k =1,2,...,n, we have

. x*Ax . x*Ax
AL, = min max = max min
dim(2 )=k 0#£x€X X*X dim(Z)=n—k+10#xe 2 X*X

)
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where 2~ denotes a subspace of C™. In particular, for the smallest and largest
eigenvalues, we have
xX*Ax xX*Ax

; Amax = Ap = r}?ﬁ())( —

)\min = )\1 = min
x#0 X*X

We recall that a number A € C is called an eigenvalue of A if there exists a
nonzero vector x € C” such that

Ax = Ax.

Here x is called the eigenvector of A associated with .

Theorem 1.3 (Cauchy’s interlace theorem). Suppose A € C"*™ is Hermitian
and that its eigenvalues are arranged in an increasing order

)\IS)\QS"'S)\’H'
If
1 <o < <l

are the eigenvalues of a principal submatriz of A of order n — 1, then

AMSpr <A Spp < S < A

Theorem 1.4. (Weyl’s theorem). Let A, E € C" " be Hermitian and the
eigenvalues A\;(A), N\i(E), \i(A+ E) be arranged in an increasing order. Then for
each k=1,2,...,n, we have

Me(A) + M (E) € Me(A+ E) < Me(A) + M(E).

Theorem 1.5 (singular value decomposition theorem). Let A € C™*" with
rank(A) = r. Then there exist unitary matrices

Uz(ul,...,um)ecmxm, V:(Vl,...,Vn)ECnxn

such that

ci (S0
UAV-(O 0)7

where
X, = diag(o—la 02y ... vJT)

with o1 > 09 > --- > 0, > 0.
The o;, i = 1,2,...,r, are called the singular values of A. The vectors u;

and v; are called the ith left singular vector and the ith right singular vector,
respectively.
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1.2.3 Norms and condition number

Let
X = (.’L‘hxg,. .. ,an)T e Cc™.

A vector norm on C" is a function that assigns to each x € C™ a nonnegative number
|||, called the norm of x, such that the following three properties are satisfied for
all x,y € C" and all a € C:

(i) |Ix|| > 0 if and only if x # 0;
(if) [lox]| = |af - [[x]};
(i) fx+yll < [l + lIyl-
A useful class of vector norms is the p-norm defined by
i 1/p
Il = (3 )
i=1

The following p-norms are the most commonly used norms in practice:

Il =3, [l = (3 lesl?) ol = o]
1= i=

A very important property of vector norms on C" is that all vector norms on C"
are equivalent; i.e., if || - ||o and || - || are two norms on C", then there exist two
positive constants ¢; and ¢y such that

alxlla < lxlls < c2llx[|a
for all x € C™. For instance, we have
x[l2 < [[x[l1 < Valx[l2, [[x]loo < [%[l2 < Vallxlloo,  [I%]loc < [1x[l1 < nljx][oo-

Let
A= (ai]‘)ﬁjzl e Ccnxm,

We now turn our attention to matrix norms. A matrix (consistent) norm is a
function that assigns to each A € C™*™ a nonnegative number ||A||, called the
norm of A, such that the following four properties are satisfied for all A, B € C"*"
and all a € C:

(i

(ii

) |IA]| > 0 if and only if A # 0;
) el = |af - [|A];
(iii) [[A+ Bl < [lAll + IIBI};

)

(iv) [[AB] < [l A]l-[[B]-
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For every vector norm, we can define a matrix norm in a natural way. Given
a vector norm || - ||, the matrix norm induced by || - ||, is defined by

A
[|A]l, = max | Ax],

<20 [|x]ly

The most important matrix norms are the matrix p-norms induced by the vector
p-norms for p = 1,2, 00. One can show that [41, 56]

n

n
1Al = 1glja§xn; laijls All2 = omax(4),  [[Alle = gggnz; Jai;l,
i= Jj=

where oy (A) denotes the largest singular value of A. The Frobenius norm is

defined by
nol 2\ 1/2
JAlls = (3D Jaul?)
j=1i=1
One of the most important properties of || - ||z and || - || is that for any unitary
matrices @ and Z,
[Allz = 1QAZ]l2, || Allz = IQAZ]|>.

When we solve a linear system Au = b, we need a good measurement on how
sensitive the computed solution is to input perturbations. The condition number of
matrices, defined by using matrix norms, relates the accuracy in u to perturbations
in A and b.

Definition 1.6. Let || - || be any matriz norm and A be an invertible matriz. The
condition number of A is defined as follows:

k(A) = Al - [|A7H]-

Obviously, the condition number depends on the matrix norm, and usually
|- ]2 is used. When £(A) is small, then A is said to be well-conditioned, whereas if
k(A) is large, then A is said to be ill-conditioned. The following theorem concerns
the effect of the perturbations in A and b on the solution of Au = b in terms of
the condition number. We refer readers to [41, 56] for a proof.

Theorem 1.7. Let A be an invertible matriz and A be a perturbed matriz of A
such that .
A= Af- A7 < 1.

If . .
Au = b, At = b,

where b is a perturbed vector of b, then

Jlu—al _ w4 CM—AH b‘mﬁ-

u - |A-A] A b
[ NPy == T T R Y
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Theorem 1.7 gives the upper bounds for the relative error of u in terms of the
condition number of A. From the theorem, we know that if A is well-conditioned,
i.e.,, k(A) is small, then the relative error in u will be small, provided that the
relative errors in A and b are both small.

1.3 Preparation for iterative Toeplitz solvers

In 1986, Strang [74] and Olkin [67] proposed independently the use of the PCG
method with circulant preconditioners to solve symmetric positive definite Toeplitz
systems. We first introduce the conjugate gradient (CG) method.

1.3.1 Conjugate gradient method

The scheme of the CG method, one of the most popular and successful iterative
methods for solving Hermitian positive definite systems H,,u = b, is given as follows;
see [3, 41, 56, 69]. At the initialization step, we choose ul®), calculate

r® =b— H,u®,
and put d(© = r(_ In the iteration steps, we have

s®) — {7, dth.

(B p (k)
dF)*g(k)’

u(k+1) = u(k) _|_ /de.(k:)7

Tk ‘=

p(hHD) = p(]) 7, (R
P17 L (k1)
G B0 B
dk+D) = p+1) 4 g q(k).

where d®), r%) are vectors and 74, ) are scalars, k = 0,1,.... The vector u(®)
is the approximation to the true solution after the kth iteration. The main oper-
ation cost is the matrix-vector multiplication H,d*), which usually needs O(n?)
operations. A MATLAB implementation of the CG method is given as A.12 in the
appendix.

For Hermitian matrices, by the spectral theorem we know that the spectra of
the matrices are real. Therefore, in order to analyze the convergence rate of the
CG method, we need to introduce the following definition of clustered spectrum on
the real line [24, 55, 66, 83].

Definition 1.8. A sequence of matrices {H, 52 is said to have clustered spectra
around 1 if for any € > 0, there exist M and N > 0 such that for any n > N, at
most M eigenvalues of H, — I, have absolute values larger than €; see Figure 1.1.
Here I, is the identity matriz.
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outlying

eigenvalues

Figure 1.1. Clustered spectra around 1.

In the following, we study the convergence rate of the CG method. Let
e =u—ul, (1.2)

where u(®) is the approximation after the kth iteration of the CG method applied
to the system H,u = b and u is the true solution of the system. The following
theorem can be found in [41, 56].

Theorem 1.9. We have

el (V1Y

le@ | =\ +1
where e®) is defined by (1.2), ||| ||| is the energy norm defined by |||v|||> = v*H,v,
and

Ky = Ra(Hy) = || Hall2||H; 2.
Furthermore, we have the following theorem [84].
Theorem 1.10. If the eigenvalues \; of H,, are ordered such that
O0< A <SS S A < S A g S < A1 <o <Ay,
where by and by are two constants, then

) e 1) 22 TR
[le@]]| =" \a+1 Aelbo b N ) T \a+1 ]

Jj=1

where e®) is defined by (1.2) and a = (by/by)"/? > 1.

From Theorem 1.10, we notice that when n increases, if p and g are constants
that do not depend on n and Ay is uniformly bounded away from zero, then the
convergence rate is linear, i.e.,

Lo e+

_— = 1.
eho (@ T

Thus, the number of iterations to attain a given accuracy is independent of n. We
also notice that the more clustered the eigenvalues are, the faster the convergence
rate will be. In particular, if they are clustered around 1, we have the following
corollary.
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Corollary 1.11. If the eigenvalues \; of H,, are ordered such that
0<7)<)\1 SS)\pgl_GSAp-&-l S"'S)\7t—qgl+€g)\7l—q+l S"'S)\n;

where 0 < € < 1, then

k p
e

1]}~ U

where e ) is defined by (1.2) and k > p + q.
Proof. For a given in Theorem 1.10, we have
1 1
o= biz ’ — 1 + € :
o bl o 1—¢ '
a—1_ 1-v1-—¢

a+1 €
For1<j<pand XA €[l —¢1+ ¢, we have

Therefore,

< €.

OS@<£-

Aj n

Thus, by using Theorem 1.10, we obtain
He®ll a1\ T (AN
[le@]]]  — a+1 Aebrbal 1\ A

p
2<1+6) eh—p—a, O
n

For arbitrary small € > 0, if p and ¢ are constants that do not depend on n when
n increases and A; is uniformly bounded away from zero by 7, then we have by
Corollary 1.11, [||e®+D]]|/|]le®]]| < ¢, i.e.,

IN

e
e [Te®

Thus, the convergence rate is superlinear. Note that for any € > 0, if there exist M
and N > 0 such that when n > N, the matrix H,, can be decomposed as

H, =1, + K, + L, (1.3)

where || K, |2 < €, rank(L,) < M, and, moreover, Apin(H,) is uniformly bounded
away from zero, then by Weyl’s theorem, the spectrum of H,, will satisfy the condi-
tions of Corollary 1.11. In later chapters, we will use this technique of decomposition
(1.3) to establish the superlinear convergence rate of our methods.
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When H, is not of the form in (1.3), we can accelerate the convergence rate of
the CG method by preconditioning the system; i.e., instead of solving the original
system H,u = b, we solve the preconditioned system

H,a =D,

where H, = M,L_%HHM;%, a= Méu7 b= Mn_%b, and M,, is Hermitian positive
definite. The main work involved in implementing the CG method for the precon-
ditioned system H,u = b is the matrix-vector product M, *H,v for some vector
v; see [41, 56, 69]. The resulting method is called the preconditioned conjugate
gradient (PCG) method. The preconditioner M,, is chosen with three criteria in
mind [3, 41, 55, 56, 66]:

1. M, is easily constructible.

II. For any vector d, the product r = M, 1d is easy to compute or the system
M,r = d is easy to solve.

III. The spectrum of PNIn, which is the same as that of M, 1 H,,, is clustered and/or
H,, is well-conditioned compared to H,,.

Strang [74] and Olkin [67] noted that for any Toeplitz matrix T,, with a
circulant preconditioner C,,, the product C, T, v can be computed efficiently in
O(nlogn) operations. Circulant matrices are Toeplitz matrices of the form

€o Cn—1 C2 C1
C1 Co Cpn—1 C2
Cn = 1 Co )
Cn—2 T i v Cp—1
Cn—1 Cp-—2 o C1 Co

e, c_p =cp_p for 1 <k <mn—1. It is well-known [37] that circulant matrices can
be diagonalized by the Fourier matrix F,,, i.e.,

where the entries of F), are given by

1 2rijk .
(Fn)jk = N L i=VEL

for 0 < j,k <n—1, and A, is a diagonal matrix holding the eigenvalues of C,,.
By using (1.4), we note that the first column of F, is ﬁln, where 1,, =

(1,1,...,1)7 € R™ is the vector of all ones. Hence
1
FnCnel = %Anln, (15)
where e; = (1,0,...,0)7 € R” is the first unit vector. Therefore, the entries of

A, can be obtained in O(nlogn) operations by taking the celebrated fast Fourier
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transform (FFT) of the first column of Cy,; see [14, p. 131] for a detailed introduction
on FFT. From (1.5), we see that the eigenvalues Ay of C,, are given by

27ijk

n—1
Me=(An)ie = Y _cie k=0,1,...,n—1. (1.6)
=0

In MATLAB software, the command ££t (v) computes the product \/nF,v for any
vector v. In view of (1.5), the eigenvalues \x can be computed by £ft(c) when ¢
is the first column of C,,; see how the vector ev is formed in A.3 in the appendix.

Once A,, is obtained, the products C,y and C,, 'y could be computed easily
by FFTs in O(nlogn) operations by using (1.4). In fact, C,; 'y = FA, 1 F,y, which
can be computed by the MATLAB command ifft(£fft(y)./ev); see A.6 in the
appendix. We note that in MATLAB software, the operation “./” is the entrywise
division.

The multiplication T, v can also be computed by FFTs by first embedding T,
into a 2n-by-2n circulant matrix. More precisely, we construct a 2n-by-2n circulant
matrix with T;, embedded inside as follows:

(2) @)= () w

and then the multiplication can be carried out by using the decomposition as in
(1.4). Therefore, the cost of computing T,,v is O(2nlog(2n)) by using FFTs of
length 2n. In A.7, we give the program for computing 7, v, where gev, computed
via A.3, is the vector holding the eigenvalues of the 2n-by-2n circulant matrix.

Recall that when using the PCG method to solve T,,u = b with the precondi-
tioner C),, the main areas of work in each iteration are the matrix-vector products
T,v and C,'w for some vectors v and w; see [41, 56, 69]. From the discussions
above, the cost per iteration is therefore O(nlogn). In particular, if the method
converges linearly or superlinearly, then the complexity of the algorithm remains
O(nlogn). This is one of the important results of this algorithm when compared
to the operation cost of O(n log? n) required by fast direct Toeplitz solvers. The
MATLAB implementation of the PCG algorithm is given in A.5. Instead of requir-
ing the matrices C,, and Ty,, it requires the eigenvalues of C), and the eigenvalues of
the extended 2n-by-2n circulant matrix in (1.7). These eigenvalues are computed
via A.3. We will illustrate how to use A.5 in Section 2.5.

We emphasize that the use of circulant preconditioners for Toeplitz systems
allows the use of FFT throughout the computations, and FFT is highly paralleliz-
able and has been implemented on multiprocessors efficiently [1, p. 238] and [76].
Since the CG method is also easily parallelizable [8, p. 165], the PCG method with
circulant preconditioners is well adapted for parallel computing.

1.3.2 Generating function and spectral analysis

We need to introduce the technical term, generating function, in order to give
the spectral analysis. From Theorem 1.10 and Corollary 1.11, we know that the
convergence rate of the PCG method with circulant preconditioner C,, for solving
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the Toeplitz system T}, u = b depends on the spectrum of C; 1T}, which is a function
of n. To link all T},’s together, we assume that the diagonals {tk}Z;inH of T,
defined in (1.1), are the Fourier coefficients of a function f, i.e.,
1 T —ikz
ty = — (z)e ™ dx. (1.8)

T o o

The function f is called the generating function of T;,. In some practical problems
from science and engineering, we are usually given f first, not the Toeplitz matrices
T, [24, 55, 66]; note the following examples:

e Numerical differential equations: the equation gives f.

Integral equation: the kernel gives f.

e Time series: the spectral density function gives f.

Filter design: the transfer function gives f.

e Image restoration: the blurring function gives f.

The function f is assumed to be in a certain class of functions such that all
T, are invertible. We note the following:

(i) When f is real-valued, then T, are Hermitian for all n.

(ii) When f is real-valued and even, then T, are real symmetric for all n.

Let Cy, be the space of all 2m-periodic continuous real-valued functions de-
fined on [—m,7]. The following theorem [43, pp. 64-65] gives the relation between
the values of f and the eigenvalues of T;,.

Theorem 1.12 (Grenander—Szegd theorem). Let T, be given by (1.1) with a
generating function f € Con. Let Amin(Ty) and Amax(Ty) denote the smallest and
largest eigenvalues of T,,, respectively. Then we have

fmin S )\min(Tn) S Amax(Tn) S fmaxa (19)

where fmin and fmax denote the minimum and mazimum values of f(z), respectively.
In particular, if fmin > 0, then T, is positive definite. Moreover, the eigenvalues
Ni(Tn), 7=0,1,...,n—1, are equally distributed as f(Q%), i.e.,

3 S o ~o(s(32))] -0

for any g € Cay.

Proof. We prove only (1.9). Let v = (vg,v1,...,v,-1)7 € C". Then we have

1 x n—1

vT,v=—

o 2f(x)dm. (1.10)
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Since fmin < f(x) < fmax for all z, we have by (1.10),
fmin S V*Tnv S fmax;
provided that v satisfies the condition

™

2
der =1.

n—1
§ : ,Uke—lka:

T k=0

. 1
viv=—
2w

Hence, we have by the Courant—Fischer minimax theorem,
fmin S /\mln(Tn) S )\max(Tn) S fmax~ D

The equal distribution of eigenvalues of Toeplitz matrices indicates that their
eigenvalues will not be clustered in general. To illustrate this, consider the 1-
dimensional discrete Laplacian matrix

2 -1 0 0
-1 2

Tn=1 o 0

o2 1

0 0 -1 2

The generating function f(x) is given by
f(z) = —cos(—x) + 2 — cosx = 4sin® g

By Theorem 1.12, the spectrum of T}, is distributed as 4 sin?(7j /n) for 0 < j < n—1.
In fact, the eigenvalues of T,, are given by

(T, = 4sin® [”gif)} , 0<j<n-—1.
Obviously,
1= o7
Jm, o 2 {MTH - (n)}

n—1 . .
4 L [T +D] s
ZJEEMJZ{SIH [n+1 —sin (z) =0

=0

For n = 32, the eigenvalues (tick marks) of T;, are depicted in Figure 1.2.
Let C3_ denote the subspace of all nonnegative functions in Ca, which are not
identically zero. We say that z¢ € [—m, 7] is a zero of f of order ¢ if f(z¢) = 0 and
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0 1 2 3 4
Figure 1.2. Spectrum of the 1-dimensional discrete Laplacian Tss.

q is the smallest positive integer such that f(9)(zq) # 0 and ¢+ () is continuous
in a neighborhood of xy. By Taylor’s theorem,

F1D (o)

fla) =

(x — x0)? + O((x - a:o)qH)

for all z in that neighborhood. Since f is nonnegative, ¢ must be even and
f@(x5) > 0. The following theorem is an improvement on Theorem 1.12. The
proof of the theorem can be found in [18].

Theorem 1.13. Let f € C5_. If fuin < fumax, then for alln >0,
fmin<)\j(Tn)<fmaxa jzla'”vna

where \;j(T),) is the jth eigenvalue of T,,. In particular, if f > 0 and f(xzo) = 0
with xo € [—m, 7] being a zero of order 2p, then T, are positive definite for all n.
Moreover,

0 < Amin(Th) < O(n=2P).

From Theorems 1.12 and 1.13, we know that if f > 0 and has a zero of
order 2p, then T, is always positive definite but the condition number of T;, will be
k(T,,) = O(n?P), which is unbounded as n tends to infinity; i.e., T}, is ill-conditioned.
If f is nondefinite, then T, is also nondefinite. Also, the equal distribution of
eigenvalues of T}, implies that the CG method, when applied to the system T,,u = b,
will converge slowly. Therefore, some efficient preconditioners are needed. This is
the main motivation in developing later chapters.






Chapter 2

Circulant preconditioners

“What is circular is eternal. What is eternal is circular [37].”
Since 1986, many circulant preconditioners have been proposed for solving Toeplitz
systems. Here we introduce some of them that have proven to be good precondi-
tioners in the literature [24, 36, 55, 66]. Other useful noncirculant preconditioners
will be briefly discussed.

2.1 Strang’s circulant preconditioner
Let T,, given by (1.1) be generated by a real-valued function

f(.l?): Z tkeikz

k=—o0
in the Wiener class, i.e.,
oo
> Il < oo,
k=—oc0
where
1 (7 "
ty = — z)e .
=o0 ) f(z)

We remark that 7, are Hermitian for all n and the Wiener class is a proper subset
of CQﬂ—.

Strang’s preconditioner s(7),) is defined to be the circulant matrix obtained
by copying the central diagonals of T;, and bringing them around to complete the
circulant requirement. More precisely, the diagonals sy of s(T;,) are given by

tk, 0<k<m,
Sk = < th_n, m<k<n-1, (2.1)
S_k, 0<—-k<n-—1.

17
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For simplicity, here we assume that n = 2m + 1. The case n = 2m can be treated
similarly and in that case, we define s, = 0 or
1
Sm = §(tm +tom).

Algorithm A.3 with pchoice=2 generates the first column of s(7,) and then its
eigenvalues ev.

According to the requirement III in Section 1.3.1, a necessary condition for
s(Ty,) to be a good preconditioner for T;, is that (s(7},)) T}, has a clustered spec-
trum. The first step of proving this is to show the following lemma.

Lemma 2.1. Let f be a positive real-valued function in the Wiener class. Then
for large n, the matrices s(T,,) and (s(T,,))~* are uniformly bounded in || - |2.

Proof. By using (1.6), the jth eigenvalue of s(T},) is equal to

2rijk
E tre n .

k=—m

Since the series > 7~ t,el*® is absolutely convergent for z € [, 7], for any given
€ > 0, there exists an N such that for n > N (equivalently m > (N —1)/2),

‘ Z treike

|k|>m

< €.

Therefore, for any j,

m . .
2mijh 27j 27j
Aj(s(Th)) = Z tke = f (n) +f (n
k=—m
Ui 2mijk 2rijk 2mj
27ijk Tij
= 3 n o Y ne g (3)
k=—m k=—o0
2 2mijh
) g
|k|>m
Z fmin - ’ Z tkeikw = fmin — €
|k|>m
By choosing € = % Sfmin > 0, the result follows. O

Next we show that T, —s(T},) has a clustered spectrum. The following theorem
was first proved in [27] by using the theory of compact operators. Here we will use
a purely linear algebra technique developed in [17].

Theorem 2.2. Let f be a function in the Wiener class. Then for all € > 0, there
exist M and N > 0 such that for all n > N, at most M eigenvalues of T,, — s(T},)
have absolute values exceeding €.
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Proof. We note that B,, = T,, — s(T},) is a Hermitian Toeplitz matrix with entries
bij = bi—j given by

0, 0<k<m,
by = ék—tk,n, m<k<n-—1,
b_p, 0<—-k<n-1.

Since f is in the Wiener class, for all given € > 0, there exists an N > 0 such that

o0

> el <e

k=N+1

In the following, we will use € to denote a small positive generic constant. Let UT(LN)
be the n-by-n matrix obtained from B,, by replacing the (n— N)-by-(n— N) leading
principal submatrix of B,, by the zero matrix. Then

rank(UM) < 2N.

Let
wN) =B, UM,

The leading (n — N)-by-(n — N) block of W) is the leading (n — N)-by-(n — N)
principal submatrix of B,,, and hence this block is a Toeplitz matrix. It is easy to
see that the maximum absolute column sum of WT(LN) is attained at the first column

(or the (n — N — 1)th column). Thus

n—N-—1 n—N-—1 n—N-—-1
WM = > Jokl= Y It —tenl <2 > [t <e
k=m+1 k=m+1 k=N+1

Since W) is Hermitian, we have ||W7(1N)||oo = ||W,(LN)||1. Thus
1
W e < (IVMl - (WY ) <

Hence the spectrum of W;LN) lies in (—e, €). By Weyl’s theorem, we see that at most
2N eigenvalues of B,, = T,, — s(T},) have absolute values exceeding e. O

Combining Lemma 2.1 and Theorem 2.2, and using the fact that
(S(Tn))ilTn = I+ (s(T)) " (T — s(T2)),
we have the following corollary.

Corollary 2.3. Let f be a positive function in the Wiener class. Then for all
€ > 0, there exist M and N > 0 such that for all n > N, at most M eigenvalues of
(s(Ty,)) T, — I, have absolute values larger than e.
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Thus the spectrum of (s(7},)) ™17}, is clustered around 1 for large n. It follows
that the convergence rate of the PCG method is superlinear; refer to Section 1.3.1
for details.

If extra smoothness conditions are imposed on the generating function f, we
can obtain more precise estimates on how

Ile®II? = €™ (s(T0)) ™/ T (s(T0)) ~ /2™

goes to zero. Here e is the error at the kth iteration of the PCG method. The
following theorem can be found in [60, 61, 79].

Theorem 2.4. Suppose f is a rational function of the form f(z) = p(2)/q(z), where
p(2) and q(z) are polynomials of degrees p and v, respectively. Then the number
of outlying eigenvalues of (s(Ty,)) T, is exvactly equal to 2max{u,v}. Hence, the
method converges in at most 2max{u,v} + 1 steps for large n. If, however,

f(z2) =Y a7
j=0

is analytic only in a neighborhood of |z| = 1, then there exist constants ¢ > 0 and
0 <r <1 such that

|||e(k+1)||| ckpk?/A+k/2
e~

For v-times differentiable generating functions f, we have the following theo-
rem for the convergence rate of the PCG method with Strang’s preconditioner.

Theorem 2.5 (R. Chan [17]). Let f be a v-times differentiable function with
f@ e L'[—m, ], where v > 1. Then there exists a constant ¢ > 0 which depends
only on f and v such that for large n,

11| c*

[[e@| = ((k—1))2v=2

The theorem was proved by using Weyl’s theorem. R. Chan and Yeung later
used Jackson’s theorems [35, pp. 143-148] in approximation theory to prove a
stronger result than that in Theorem 2.5.

Theorem 2.6 (R. Chan and Yeung [31]). Suppose f is a Lipschitz function of
order v for 0 < v <1, or f has a continuous vth derivative for v > 1. Then there
exists a constant ¢ > 0 which depends only on f and v such that for large n,

(2k) k 2
e Hclog p

lle©@ll = »*
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2.2 Optimal (circulant) preconditioner

T. Chan in [33] proposed a specific circulant preconditioner called the optimal cir-
culant preconditioner for solving Toeplitz systems. His idea was then extended in
[22, 82] for general matrices. Thus, we begin with the general case. Given a unitary
matrix U € C"*", let

My = {U"ALU | A, is any n-by-n diagonal matrix}. (2.2)

We note that if U = F, the Fourier matrix, .# is the set of all circulant matrices
[37]. T. Chan’s preconditioner ¢y (A,) for a general matrix A,, is defined to be the
minimizer of

in |4, — W,
W}ggﬂyll n ullz,

where || - || # is the Frobenius norm. Let 6(A,) denote the diagonal matrix whose
diagonal is equal to the diagonal of the matrix A,. The following theorem includes
some important properties of T. Chan’s preconditioner.

Theorem 2.7. For any arbitrary A, = (apq) € C**7, let cy(A,) be the minimizer
of ||An — Wy|l.& over all W,, € #y. Then the following hold:

(i) cu(Ay) is uniquely determined by A, and is given by
cv(Ap) =U"S(UA,U)U. (2.3)

(ii) We have
Omax (CU(An)) S Umax(An)7

where omax(+) denotes the largest singular value.
(iii) If A,, is Hermitian, then cy(A,) is also Hermitian. Furthermore, we have
Arnin(14n) S Amin (CU(An)) S Amax (CU(An)> S A1‘1123;((1471)7

where Amin(+) and Amax () denote the smallest and largest eigenvalues, respec-
tively. In particular, if A, is positive definite, then so is cy(Ay).

(iv) cy is a linear projection operator from C"*™ into .#y and has the operator

norms
levll2= sup |leu(4n)llz =1
[|An|l2=1
and
levllg = sup |lev(4n)lls = 1.
Anllz=1

(v) When U is the Fourier matriz F, we have

cF(An)_S(; 3 am)cy’, (2.4)

7=0 p—qg=j( mod n)
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where @ is an n-by-n circulant matriz given by

o
o -
—
o

Proof. We prove (i), (ii), (iii), and (iv). We refer readers to [82] for (v).

(i)

(iii)

Since the Frobenius norm is unitary invariant, we have
||Wn - AnH? = ||U*AnU - Anllﬁ = HAn - UAnU*Hﬁ'

Thus the problem of minimizing |W,, — A, ||.# over .#y is equivalent to the
problem of minimizing [|A, — UA,U*||# over all diagonal matrices. Since A,
can affect only the diagonal entries of U A, U*, we see that the solution for the
latter problem is A,, = §(UA,U*). Hence U*§(U A, U*)U is the minimizer of
W, — Apll#. It is clear from the argument that A, and hence cy(4,) are
uniquely determined by A,,.

Note that the set of the singular values of cy(A,) is the same as that of
§(UA,U*). We have by Corollary 3.1.3 in [52, p. 149],

[6(UALU) il < 0max(UALU™) = omax(Ap).

Therefore,
Umax(CU(An)) = max |[§(UAnU*)]n| S Ulnax(An)~
It is clear that ¢y (A,,) is Hermitian when A,, is Hermitian. By (i), we know
that the eigenvalues of ¢y (A,,) are given by 6(UA, U*). Suppose that
O(UAUY) =diag(A1, ..., An)

with

)\j - )\min(CU(An))a )\k = )\max(CU(An))~

Let e; and e, € R™ denote the jth and the kth unit vectors, respectively. We
have by the Courant—Fischer minimax theorem,

Amin(Ap) = min anX _ i X UAUTX
x40 XX x£0  x'X
e*UA, U*e;
< J*iﬂ =) = Amin(cr(4n))
ejej
*UAU*
ekek
< maxw — maxX nX _ )\max(An>.

x#0 X*X x#0 X*X
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(iv) We have by (ii),
[ev (An)ll2 = omax(cv (An)) < Tmax(4n) = [|An]2-
However, for the identity matrix I,,, we have
llev (In)llz = [[Inll2 = 1.
Hence |lcp]|2 = 1. For the Frobenius norm, since
lev(An)llz = [16(UAUT) |2 < [UAU™|| 2 = | Anl| #
and
()=
C —F—in = =
U\ e ™ Un

it follows that ||cy|le = 1. O

[nll# =1,

We note that the matrix c¢p(A,) in (2.4) was first named the optimal circulant
preconditioner for Toeplitz matrices by T. Chan [33] in 1988. It has proven to
be a good preconditioner for solving a large class of Toeplitz systems by the PCG
method; see [22, 24, 55, 66]. For Toeplitz matrices T;, given by (1.1), the diagonals
¢k of ep(T,) are given by

— k)t kti_n
ckZ{(n Tl ’ O<k=<n-1

n (2.6)
Crntk, 0<—-k<n-—1;

see (2.4) and (2.5). The construction of ¢y (7T),) therefore requires O(n) operations.
In contrast, the construction of cr(4,) for general matrices A, requires O(n?)
operations in view of (2.4). Algorithm A.3 with pchoice=1 generates the first
column of ¢p(T},) and then its eigenvalues ev.

We introduce the following two lemmas [16] in order to analyze the convergence
rate of the PCG method with T. Chan’s preconditioner.

Lemma 2.8. Let f be a function in the Wiener class. Then
lim p [S(Tn) - CF(Tn)] =0,
n—oo

where p[-] denotes the spectral radius.

Proof. By (2.1) and (2.6), it is clear that B, = s(T,,) — cp(T},) is circulant with
entries

k
*(tk_tkfn)a nggm,
b=\ 0k
(tk,n—tk), m<k<n-—1.
n
Here for simplicity, we assume n = 2m. By (1.6), the jth eigenvalue \;(B,,) of B,

. . 1 2rijk
is given by >, bre”» , and we therefore have

3|

(It | + [tk —nl)-

Aj(Bn) <2y
k=1
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This implies
m k n—1
B, <2 —\t 2 trl|.
pIB] < ;n|k|+ ;MI

Since f is in the Wiener class, for all € > 0, we can always find an M; > 0 and then
an My > M such that

o0 ]\/11

€ 1 €
Z Itk < =, 7Zk|tk|<*-
k=M +1 6 Mz = 6

Thus for all m > My,

m

M1 oo
2
p[Bn]<EZk’|tk|+2 oot +2Y jtl<e O

k=1 k=M;+1 k=m

Lemma 2.9. Let f € Cy, be a positive function. Then the matrices cy(T,,) and
(cuy(Tn))~t are uniformly bounded in the norm || - ||2.

Proof. Just use the Grenander—Szegd theorem and then Theorem 2.7(iii). g

Note that
(CF(TH))_lTn =1, + (CF(Tn))_l[Tn —s(Ty)] + (CF(Tn))_l[S(Tn) —cr(Th)].

By using Theorem 2.2 and Lemmas 2.8 and 2.9, we have the following theorem.

Theorem 2.10. Let f be a positive function in the Wiener class. Then for all
€ > 0, there exist M and N > 0 such that for alln > N, at most M eigenvalues of
(cr(T)) YT, — I, have absolute values larger than e.

Thus the spectrum of (¢x(T},)) T}, is clustered around 1 for large n. It follows
that the convergence rate of the PCG method is superlinear. In Section 3.1, we will
extend the result in Theorem 2.10 from the Wiener class to Co, .

2.3 Superoptimal preconditioner

Like T. Chan’s preconditioner, the superoptimal preconditioner is defined not only
for Toeplitz matrices but also for general matrices. Thus we begin with the general
case. The idea is to consider a minimization procedure concerning a kind of relative
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error in the matrix sense instead of the absolute error considered in Section 2.2.
More precisely, the superoptimal preconditioner ¢y (A,,) for any matrix A,, is defined
to be the minimizer of

min ||I,, — C;lAnHy

over all nonsingular matrices C,, € A4y, where .4y is given by (2.2). We need the
following lemma in order to prove Theorem 2.12, which relates the superoptimal
preconditioner t;(A,) with T. Chan’s preconditioner cy(Ay).

Lemma 2.11. The matriz cy(A,AL) — cu(An)cu (AL) is positive semidefinite.
Proof. Define

D, =cy(A,A}) — cu(An)cu(AL)
=U"[6(UALAT") — S(UAU)O(UAUU.

It is sufficient to show that the eigenvalues of D,,, given by
O(UA,AU") = S(UAUNSUA U ke k=1,...,n
are all nonnegative. We notice that
DUAAU ) = 0(UAU -UA U)ok

(UAnU*)kp(UAnU*)kp

NE

= Z (UAU ) ip(UALU) ppe =
b=

I
-

p

> (VAU )k (UAU i = [0(UALU) o, - [S(UALU)]
Therefore, the eigenvalues of D,, are all nonnegative. O

Theorem 2.12. Let A,, € C**™ be such that both A, and cy(A,) are nonsingular.
Then the superoptimal preconditioner ty(A,) exists and is equal to

tu(An) = cu(AnA})(cu (A7) (2.7)

Proof. Instead of minimizing ||[I — C, 1A, || =z, we consider the problem of mini-

mizing ||I — CpA,| 2 over all nonsingular C,, in .#y. Let C,, = U*A,U. We then
have

I = CpAnllg =l — U AUAL |7 = |I — AUAU|| &
= tr(I — AyUALU* — UASU* NS + AU A, ASU*AY)
= tr[l — ApS(UAU*) — S(UALU*)AY + AnS(UA, AZU*)AY],

where tr(M) denotes the trace of the matrix M. Let

A, = diag(Ag, ..., An), 0(UA,U") = diag(ug, ..., uy,)
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and
0(UA,A;U) = diag(ws, ..., wy).

We therefore have

min |1 — Cp Ayl &
= min {tr[] — A,6(UA,U*) = S(UALU*)AL + A, 6(UA, ALU*)A%]}

= o miI& }Z(l — A\pUp — ﬂkxk + )\kwkxk).

k=1
Notice that by Lemma 2.11, wy > uptg for kK = 1,...,n. Hence for all complex
scalars A\, k=1,...,n, the terms

1— Apuy — Hkxk + Akkak

are nonnegative. Differentiating them with respect to the real and imaginary parts
of A\x and setting the derivatives to zero, we obtain

U
/\sz7 k:l,...,n.
W
Since A,, and cy(A,,) are nonsingular, both wj; and uy are nonzero. Hence Ay are
also nonzero. Thus the minimizer of ||I — C, A, | # is nonsingular and is given by

G = UALU = US(UALU™)B(U AL ALU™) U
=U*S(UALUU - [U*S(UA, ALUNU!
= cu(A;,)(cu(4,47)) 7"
Therefore, the superoptimal preconditioner is given by
tr(An) = O;t = cu(AnA)(cv(47)) 71 O

When U equals the Fourier matrix F', the matrix tp(A,) was first named the
superoptimal circulant preconditioner by Tyrtyshnikov [82] in 1992. The construc-
tion of tg(T),) requires O(nlogn) operations for Toeplitz matrices T,,, see [22], and
the construction of tx(A,,) for general matrices A, requires O(n3) operations by
(2.7). Algorithm A.3 with pchoice=12 generates the first column of ¢z(T,) and
then its eigenvalues ev.

Now we consider the solution of the Toeplitz system T,u = b by using
the PCG method with the preconditioner tz(T;,). For Hermitian positive definite
Toeplitz matrix T;,, we have by (2.7),

tr(Tn) = cr(T3) (cr(T,)) ™
Therefore,
(tF(Tn))_lTn

=1+ (tF(Tn))_l[Tn —cp(Th)] + (tF(Tn))_l[CF(Tn) —tr(Th)]
=1+ (tr(T) T — cr(To)] + (er(T2) " H(er(Tn)® — cr(TY)]. (2.8)
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Lemma 2.13. Let the generating function f be a positive function in the Wiener
class. Then for n sufficient large, cp(T?), tr(T}), and their inverses are all uni-
formly bounded in || - ||2.

Proof. By the Grenander—Szegd theorem and Theorem 2.7(iii), we have
min < Amin(T2) < Amin(er(T7)) < Amax(er(T7)) < Amax(T) < fiha:

Therefore,

1(tr(Ta) " 2 = ller(Tn) (er(T2)) " 2 < ller(Ta)ll2ll(er(T) e < ];Eax
and
2
1(tr(Ta)ll2 = ler (Ta)(er(Ta) o < ller(T) |2l (cr(Tn)) 2 < ﬁ O

Lemma 2.14. Let f be a function in the Wiener class. Then
i p[(er(L,))?  cr(L2)] = 0,
where p[-] denotes the spectral radius.

The proof of Lemma 2.14 can be found in [23]. By using (2.8), Theorem 2.10,
and Lemmas 2.13 and 2.14, we have the following theorem for the convergence rate
of the PCG method by using tr(T5,).

Theorem 2.15. Let the generating function f be a positive function in the Wiener
class. Then for all € > 0, there exist M and N > 0 such that for alln > N, at most
M eigenvalues of (tp(T},)) " T, — I have absolute values larger than e.

Hence, if the CG method is applied to the preconditioned system, we can
expect a superlinear convergence rate. We remark that the superoptimal circulant
preconditioner was used by Di Benedetto, Estatico, and Serra Capizzano in 2005 to
solve some ill-conditioned Toeplitz systems arising from image deblurring [5].

2.4 Other preconditioners

In this section, we briefly discuss some other well-known preconditioners which have
proven to be useful in the literature [24, 36, 55, 66].

2.4.1 Huckle’s circulant preconditioner

For T,, given by (1.1), Huckle’s preconditioner h(P)(T},) proposed in [53] is defined
to be the circulant matrix with eigenvalues

p—1 : N
M(hO(T) = 3 tj< —|‘7|>e2"7‘5’“7 k=0,...,n—1.  (2.9)

j=—p+1 P
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When p = n, it is simply T. Chan’s circulant preconditioner. If f > 0 is the
generating function of 7T}, with Fourier coefficients ¢, that satisfy

oo

> IEl[t]? < oo,

k=0

then it was proved [53] that the spectra of (h(P)(T,,))~'T;, are clustered around 1
for large n. Thus, the convergence rate of the PCG method is superlinear.

2.4.2 Preconditioners by embedding

Let the Toeplitz matrix T;, be embedded into a 2n-by-2n circulant matrix

T, B}
<Bn Tn)' (2.10)
R. Chan’s [17] circulant preconditioner is defined as r(T},) = T;, + B,,. Using the

embedding (2.10), Ku and Kuo [59] constructed four different preconditioners K ;),
1 < i <4, based on different combinations of T}, and B,,. They are

K(l) =T,+ B, = T(Tn), K(g) =T, — By,
K(B) =T, + JB,, K(4) =T, - JB,,

where J is the n-by-n anti-identity (reversal) matrix. Note that Ko, K(3), and
K (4) are not circulant matrices. For the implementation of these preconditioners,
we refer readers to [17, 59] for details.

2.4.3 Noncirculant optimal preconditioners

Besides FF'T, many fast transforms are used in scientific computing and engineering.
By letting U in (2.2) be other fast transform matrices, we can have new classes of
optimal preconditioners.

Optimal preconditioner based on sine transform

Let S = #¢- be the set of all n-by-n matrices that can be diagonalized by the
discrete sine transform matrix ®°, i.e.,

S ={®°A,®° | A, is any n-by-n diagonal matrix}.

Here the (4, k)th entry of ®* is given by

2 . ik
1/ sin
n+1 n—+1

for 1 < j,k < n. Given any arbitrary matrix A, € C"*" we define the operator
VU, which maps A,, to U,(A,,) that minimizes ||A,, — B,||# over all B,, € S; see [9].
For the construction of ¥,(A,), we refer readers to [25].
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Optimal preconditioner based on cosine transform

Let C = #- be the set of all n-by-n matrices that can be diagonalized by the
discrete cosine transform matrix ®¢, i.e.,

C = {(®°)TA,®° | A, is any n-by-n diagonal matrix}.

Here the (j, k)th entry of ®¢ is given by

e

for 1 < j,k <mn. The symbol §;; is the Kronecker delta defined by
Sop = 1a ] = ka
BT, G#k
Given any arbitrary matrix A,, € C"*™ we define the operator ¥, which maps A,

to W.(A,) that minimizes ||A, — B,||.# over all B,, € C; see [20]. The construction
of U.(A,) is also given in [20].

Optimal preconditioner based on Hartley transform

Let H = #4n be the set of all n-by-n matrices that can be diagonalized by the
discrete Hartley transform matrix ®", i.e.,

H = {®"A,®" | A, is any n-by-n diagonal matrix}.
Here the (4, k)th entry of ®" is given by

1 2m(g — 1)(k — | — —
(=D LG = D)
vn n Vn n
for 1 < j,k < n. Given any arbitrary matrix A, € C"*", we define the operator ¥,
which maps A, to ¥p(A,) that minimizes |4, — B,|# over all B,, € H; see [10].
The construction of ¥y (A4,) is also given in [10].

Convergence result and operation cost

Let f € Cs, be a positive even function. We can show that the spectra of
(Vo (T},)) T, are clustered around 1 for large n, where a = s, ¢, h; see [12, 20,
25, 54]. Thus, the convergence rate of the PCG method is superlinear. In each
iteration of the PCG method, we have to compute the matrix-vector multiplica-
tions T,,v and (¥, (T;,)) " 'w for some vectors v and w; see Section 1.3.1. We have
already known that 7, v can be computed in O(nlogn) operations. Like circulant
systems, the vector (¥, (T},))"'w = ®*A 1d%w can also be computed in O(nlogn)
operations by using the fast sine transform for a = s, the fast cosine transform for
a = ¢, or the fast Hartley transform for o = h. Thus, the complexity of the PCG
algorithm remains O(nlogn).
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2.4.4 Band-Toeplitz preconditioners

R. Chan and Tang proposed in [28] to use band-Toeplitz matrices B,, as precon-
ditioners for solving symmetric positive definite Toeplitz systems T,,u = b by the
PCG method, where T}, are assumed to be generated by a function f € Cj_ with
zeros. By Theorem 1.13, we know that T, is ill-conditioned. Let g be the generating
function of a band-Toeplitz matrix B,. The function g is constructed not only to
match the zeros of f but also to minimize

171

Iplloe = _max p(z)

where for all p € Co,

is the supremum norm. We remark that Cs, is a Banach space with the supremum
norm. R. Chan and Tang proved the following theorem, which gives a bound on
the condition number of the preconditioned matrix B, 17,,.

Theorem 2.16. Let f € C;ﬂ be the generating function of T,, with zeros and g be
the generating function of a band-Toeplitz matriz B, :

N
oo = Y et
k=—N
with b_j, = by. If
f - gH
— =h<1,
=771l
then B, is positive definite and
1+h
BT, <
W(BT) < 1

for all n > 0.

Proof. By the assumption, we have
f@)(1=h) < g(x) < flz)(1+h)
(

for any z € [—m,w]. It is clear that g(x) > 0. By Theorem 1.13, B, is positive
definite for all n > 0. Since both T,, and B,, are Toeplitz matrices, we have

1 T n—1
v, v = o Z vpe | f(z)de
T k=0
and
1 r n—1
v*B,v = Dy kae kel g(z)de,
T k=0
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where
0#v=(vo,v1,...,v_1)" € C™.

Hence, we obtain
(1=h)W'T,v<v'B,v<(1+hVv'T,v,

i.e.
1 v*T,v 1

< < .

1+h ~ v*B,v — 1—h

By the Courant—Fischer minimax theorem, we know that

1 1
— < Ain(B7YT) < Apax(BZMT) < ———.
T < Awin(Ba ' T) < Amax(By ' T) <
‘We then have Lth
BlT,) < ——.
w(B,'Tn) < 7

By using Theorem 1.9, we see that ||[e®)|||/|||e]|| < 7, the tolerance, if the

number of iterations
. 1 /1+h 1 (2)
oV 1—n ®\7)

The function g could be found by a version of the Remez algorithm with O(N?)
operations. We stress that the construction of g is independent of n. Since h can
be found explicitly in the Remez algorithm, we have a priori bound on the number
of iterations for convergence.

To avoid the use of the Remez algorithm, Serra proposed in [70] to use the
Chebyshev interpolation to construct g. We refer readers to [72] for a comparison
between the optimal preconditioners based on fast transforms and the band-Toeplitz
preconditioners.

2.4.5 {w}-circulant preconditioner

Potts and Steidl proposed in [68] to use {w}-circulant preconditioners to handle
ill-conditioned Toeplitz systems T,,u = b. Here the generating function f of T}, is
in C3. with zeros in [, n]. The preconditioner P, is constructed as follows. We

choose uniform grids

2wk
T = Wy + )
n

where w,, € [-m, —7 + 27/n) such that
flxg) #0, k=0,...,n—1.

Note that the choice of the grids requires some prior information about the zeros
of f. Consider the preconditioner defined as

Py = QFr AL FoQy, (2.11)
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where F), is the Fourier matrix,
3 wpi  2wni n—1)wy,i
Q,, = diag(1, e e e h ),

and

Ay = diag(f(wo), f(21), f(22), -, f(@n-1))- (2.12)
The preconditioner P, has the following properties (see [68]):

(i) P, is Hermitian positive definite if f > 0.

(ii) P, is an {e™*»1}-circulant matrix [37]. Notice that {e"¥!}-circulant matrices
are Toeplitz matrices with the first entry of each column obtained by multi-
plying the last entry of the preceding column by e™*»!.

(iii) Similar to that of circulant matrices, once the diagonal matrix A, in (2.11) is
obtained, the products of P,y and P 'y for any vector y can be computed
by FFTs in O(nlogn) operations.

(iv) In view of (2.11), P, can be constructed in O(nlogn) operations.

(v) The eigenvalues of P, !T,, are clustered around 1 and bounded away from
zero.

The PCG method, when applied to the preconditioned system with the precondi-
tioner P,, will converge superlinearly. Therefore, the total complexity in solving
the preconditioned system remains O(nlogn).

Before the end of this section, we remark that R. Chan, Yip, and Ng [32]
proposed a new family of circulant preconditioners called the best circulant precon-
ditioner to solve ill-conditioned Toeplitz systems in 2001. Unlike B,, or P,, the best
circulant preconditioner can be constructed by using only the entries of the given
matrix and does not require the explicit knowledge of the generating function f;
see Chapter 4 for details.

2.5 Examples

In this section, we apply the PCG method with preconditioners s(T,,), c¢p(T,), and
tr(T),) to the Toeplitz system T, u = b with

1++/-1

—_— E>0
_ @ B
7 2, k=0,
t_,]€7 k <O0.

The right-hand side b is the vector of all ones, and the underlying generating func-
tion f is given by

(2.13)

i sin(kz) 4 cos(kx)
P (14 k)Lt
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Clearly f is in the Wiener class. The MATLAB command to generate the first
column of T, is given in A.2 with fchoice=1. We should emphasize that in
all our tests in the book, the zero vector is the initial guess and the stopping
criterion is

where r(®) is the residual vector after the kth iteration.

Table 2.1 shows the number of iterations required for convergence. The symbol
I there signifies that no preconditioner is used. We see that as n increases, the
number of iterations increases like O(logn) for the original matrix 7T, while it
stays almost the same for the preconditioned matrices. Moreover, all preconditioned
systems converge at the same rate for large n. The MATLAB programs used to
generate Table 2.1 can be found in the appendix; see A.1-A.3 and A.5-A.7. To use
them, one just has to run the algorithm A.1. It will prompt for the input of three
parameters: n, the size of the system; pchoice, the choice of the preconditioner
(e.g., enter 2 for Strang’s preconditioner); and fchoice, the generating function
used (in this case, we choose 1 for (2.13)).

To further illustrate Corollary 2.3 and Theorems 2.10 and 2.15, we give in
Figure 2.1 the spectra of the matrices T, (s(T3,)) ‘T, (cr(Tn)) Ty, and
(tr(T)) 1T, for n = 32. We can see that the spectra of the preconditioned matrices
are in a small interval around 1, except for few outliers, and that all the eigenvalues
are well separated away from 0.

Table 2.1. Preconditioners used and number of iterations.

n I S(Tn) CF(Tn) tF(Tn)
32 | 15 7 6 8
64 | 17 7 7 7
128 | 19 7 7 7
256 | 20 7 7 7
512 | 21 7 7 7
1024 | 22 8 8 7
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Superoptimal Preconditioner
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Strang Preconditioner

W+ + s
No Preconditioner

Figure 2.1. Spectra

of preconditioned matrices when n = 32.



Chapter 3

Unified treatment from
kernels

In this chapter, a unified treatment for constructing circulant preconditioners from
the viewpoint of kernels is given [30]. We show that most of the well-known circulant
preconditioners can be obtained from convoluting the generating function of the
given Toeplitz matrix with some famous kernels. A convergence analysis is given
together with some numerical examples.

3.1 Introduction

In this chapter, we use the symbol Cs, to denote the Banach space of all 27r-periodic
continuous real-valued functions f equipped with the supremum norm || - ||o. We
first extend the result in Theorem 2.10 from the Wiener class to Ca, [29], as it will
be used later to develop our theory. In the following, we use T, (f) to denote the
n-by-n Toeplitz matrix generated by f; i.e., the diagonals of T,,(f) are the Fourier
coefficients of f (see (1.8)).

Theorem 3.1. Let f € Co,. Then for all € > 0, there exist M and N > 0 such
that for allm > N, at most M eigenvalues of T,,(f)—cr(Tn(f)) have absolute values

larger than e.

Proof. Since f € Cqr, for any € > 0, by the Weierstrass approximation theorem
[68, p. 15], there is a trigonometric polynomial

N
pN(«T): Z bkeikx
k=—N

with b_j = by, for |k| < N such that

35
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For all n > 2N, we have

CF(Tn(f)) - Tn(f)
= cp(To(f —pn)) = Tu(f — o) + cr(Ta(pn)) — Tn(pn). (3.2)

For the first two terms in the right-hand side of (3.2), we note that by Theo-
rem 2.7(iv), the Grenander—Szeg6 theorem, and (3.1),

ler(To(f —pn)) = Tu(f — pn)ll2
<ller(Tn(f —pn))ll2 + |10 (f — pN)ll2
<llerllz - 1Tn(f = pN)ll2 + [ Tn(f — PN )2
<|[f —=pnlloo +[If = PNl < 26

Since py is a real-valued function in the Wiener class, we know that the matrix
cr(Ta(pn)) — Tn(pn) has a clustered spectrum; see Section 2.2. Hence by using
Weyl’s theorem, the result follows. O

Since
(CF(Tn))_lTn —1I, = (CF(Tn))_l [Tn - CF(Tn)]>

by Lemma 2.9, we have the following corollary.

Corollary 3.2. Let T, be a Toeplitz matriz with a positive generating function
f € Cor. Then for all € > 0, there exist M and N > 0 such that for alln > N,
at most M eigenvalues of the matriz (cp(Ty,)) T, — I,, have absolute values larger
than e.

It follows that the convergence rate of the PCG method is superlinear. This
result will be used in Section 3.4 for the convergence analysis of preconditioners
derived by kernels. We remark that by using the relation (2.7) between cp(T5,)
and tp(T),), one can also extend the result in Theorem 2.15 for tp(7),) from the
Wiener class to Car; see [6]. In the next section, we relate some of the circulant
preconditioners discussed in Chapter 2 with well-known kernels in function theory.

3.2 Kernels of some circulant preconditioners

Let t; be the Fourier coefficients of f as defined in (1.8). The jth partial sum of f
is defined as

si[fl(z) = Z teth?, z €R. (3.3)
—

Let us recall the relationship between the first column of a circulant matrix and its

eigenvalues. Let C,, be a circulant matrix with the first column
(Co, Cly... ,Cn_l)T.

Then by (1.6), the eigenvalues of C,, can be written as follows:

n—1
Ai(Cn) = (An)jj = chcjk (3.4)
k=0
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with (; = e ,for j =0,...,n—1. Conversely, if the eigenvalues of C}, are given,
then the first column of C can be obtained by using (1.5). Note that

gjn*k = gk = @’?7 0<j,k<n-—1. (3.5)

3.2.1 Strang’s circulant preconditioner s(T,(f))

Given T, (f) as in (1.1), the corresponding Strang’s preconditioner s(Tx(f)) is de-
fined by (2.1). Using (3.4), (3.5), and then (3.3), we see that the eigenvalues of
s(Tn(f)) are equal to

m n—1

ZtkC + ) teal)

k=m+1

= Ztka + Zt—kgk
= Ztkc’“ - Z thC}

k=—m

Ajls(Tu(£))]

:Sm,[f](Qﬂ>a 0<j<n-1
n
Here we assume for simplicity that n = 2m + 1. If n = 2m, then we define the
(m, 0)th entry in s(T,,(f)) to be zero, and the equality still holds.

From Fourier analysis (see Zygmund [89, p. 49], for instance), the partial sum
Sm|f] defined in (3.3) is given by the convolution of f with the Dirichlet kernel
D, ie.,

sl = 5 [ Duw)i(e )y = (P ), (3:6)
where
Dk(m)zsms(ﬁf Ze k=0,1,....

p=—k

Thus the eigenvalues of s(7,,(f)) can be expressed as
2] )
NI = Dnx H(ZL),  0<j<n-1.

3.2.2 T. Chan’s circulant preconditioner cy(T,,(f))

Given T,,(f) asin (1.1), the entries in the first column of the corresponding T. Chan’s
preconditioner cp (7, (f)) are given by

ler(Ta(f)] o = = kﬁff kf"_k, 0<k<n-1
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see (2.6). By (3.4) and (3.5) again, the eigenvalues of ¢g (T, (f)) are given by

n—=k

Mler(Tu(f)] = 3
k=0

n—k -k
_ - k — R sk
=2 TG TG

n—1 k
tGy + ) k(]
k=1

k=0
n—1 1
n—=k k 71—‘k| .
N n fGy + Z " G
k=0 e
1 n—1
= k .
== Y -k, 0<j<n-l
k=—(n—-1)

We note that this is a Cesaro summation process of order 1 for the Fourier series
of f; see Zygmund [89, p. 76]. Using the definition of partial sum and after some
rearrangements of the terms, we get

Sk[f](i), 0<j<n—-1.

Thus the eigenvalues of c¢p (T, (f)) are just the values of the arithmetic mean of the
first n partial sums of f at 2mj/n. It is well-known that this arithmetic mean is
given by the convolution of f with the Fejér kernel F,, i.e.,

n—1 T

1 1
N slfl@) = o [ F@)e -y = Fe D), 6)
k=0 -
where
. 2 k=1
_ 1 SIH(%) _ k — |p| ipx _ .
f’“(x)_k[sin(g) = > — e k=12 (3.8)
p=—k+1
see Zygmund [89, p. 88]. Thus the eigenvalues of cp (T, (f)) can also be expressed as
2mj )
Nler(Tu(D)] = (Fax H(ZL),  0<j<n-1. (3.9)

3.2.3 R. Chan’s circulant preconditioner r(T,,(f))

Given T,,(f) as in (1.1), R. Chan’s circulant preconditioner r(T,,(f)) has the first
column given by

_ to, k == 0,
M= {1 i e ben o
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see Section 2.4.2. Thus the eigenvalues of r(T,,(f)) are given by

n—1

NIH(Ta(P)] = to+ Y (tk + tnr)S)
:ii n—1 B
=to+ Yl + Y k)
k=1 k=1

-1

n—1
=to+ Ztka + Z trf
k=1

k=—(n—1)
i
(). 0sien

Using (3.6), we have

Al (T (f)] = (D1 = f)(%), 0<j<n-1 (3.10)
3.2.4 Huckle's circulant preconditioner h(® (T,,(f))

Given any 0 < p < n, Huckle’s circulant preconditioner h(P)(T,,(f)) is defined to be
the circulant matrix with eigenvalues given by

P
M [BP (T ()] = 2% S - lkhct,  0<j<n—1;

k=—p

see Section 2.4.1. The sum is also a Cesaro summation process of order 1 for the
Fourier series of f. In fact, using (3.7) and after some simplifications, we have

M) - L5 W) - e n (). 0<isa-n

3.2.5 Ku and Kuo’s preconditioner K3,

One of the preconditioners proposed in Ku and Kuo [59] is the skew-circulant matrix
which, using our notation in Section 2.4.2, can be written as

Ko (f) =2T0(f) — r(Tu(f))-
Notice that if ©,, is the n-by-n diagonal matrix given by

. i 27i (n—1)mi
@n:dlag(l,en,e noL..,e n ),

then O} K2)(f)©, is a circulant matrix. Actually, this property holds for any
skew-circulant matrix [37]. By (3.4) and (3.5) again, it is then straightforward to
verify that

Aj(K(Q)(f)) = )‘j(@;K@)(f)@n) = Sn—l[f](@ — z) = (Dp—1 * f)(@ _ E)

n n n n
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for 0 < j < n—1. Comparing this with (3.10), we see that the eigenvalues of
K2)(f) and the eigenvalues of r(7,(f)) are just the values of D,,_; * f sampled at
different points in an interval of length 2.

3.3 Preconditioners from kernels

In this section, we apply the idea explored in Section 3.2 to design other circulant
preconditioners from kernels that are commonly used in function theory and signal
processing. These kernels are listed in Table 3.1; see Hamming [44], Natanson [65,
p. 58], and Walker [85, p. 88].

In the following, we will use the symbol K(z) to denote a generic kernel defined
on [—m,m|. The notation C, (K * f) denotes the circulant matrix with eigenvalues
given by

21y .
A(C (K % f)) = (IC*f)(T), 0<j<n-—L (3.11)
Using this notation, we can rewrite Strang’s, T. Chan’s, and R. Chan’s circulant
preconditioners as

S<Tn<f)) = Cn(Dm * f), CF(Tn(f)) = Cn<‘7:n * f)v T(Tn(f» = Cn(anl * f>7

respectively.
The first column of C, (K % f) can be obtained by using (1.5) if we exactly
know the values of

k=n(ZL). o<j<n-,

n

Table 3.1. Some kernels and their definitions.

’ Kernel I K(zx)
1
Modified Dirichlet 3 [Dy—1(x) + Dp—2(x)]
de la Vallée Poussin 2F 2 ny2) () — Flns2) ()
1 s s
von Hann 1 [Dn-1(z — ) +2Dp_1(2) + Dyp—1(z + )]
Hamming 0.23 [Dp—1(z — Z) + Dp_1(z + )] + 0.54D,,_1 (2)
. 1
Bernstein B [Dn-1(x) + Dn—1(z + I)]
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or otherwise by using the following construction process. Let us illustrate the
process by using the de la Vallée Poussin’s kernel which is defined as

K(z) = 2Fom(x) — Fm(x),

where Fy, is the Fejér kernel and m = |n/2]. For simplicity, let us consider the case
where n = 2m. By using (3.7), (3.5), and then (3.3), we have

(1 1)(Z2) = 2o« ) (ZL) - (7 e 1 (2)

n

=2

solf] 4+ -+ sam—1[f] (@) ~solfl 4+ sma[f] (@)

2m n m n

_ %{Sm[f] —|—"'+52m—1[f]}(@)

n
27Tj 9 2m—1 2m—1 B
= salf)(Z2) + = [ S -kt + Y (- k)tkcf]
k=m+1 k=m+1
m 2k _ . 2m—1 2(71— k‘) B .
= Z (tk + ;tn—k)cj‘ =+ Z [Ttk + tn—k:| G-
k=0 k=m+1
Hence the first column of C,, (K  f) is given by
2k _
tk + ;ktnfkra 0 < k < m,
Cnh(K =

tkﬂLEn—ka m<k<n-—1.

Table 3.2 lists the first column of the circulant preconditioners from the kernels
in Table 3.1. Since the first entry [C,, (KC * f)]oo is always equal to tg, it is omitted
from the table. Algorithm A.3 with pchoice equalling 4 to 8 generates the first
columns and then the eigenvalues of these preconditioners.

3.4 Clustering properties

In this section, we discuss the convergence property of the preconditioned systems
with circulant preconditioners derived from kernels. We will show that if the con-
volution product K * f tends to the generating function f uniformly, then the
corresponding preconditioned matrix C,; 17T, will have a clustered spectrum. From
Fourier analysis (see Zygmund [89, p. 89]), we know that for the Fejér kernel F,,
Fo * f tends to f uniformly on [—m, 7] for all f in Ca,. Hence the preconditioned
matrix (cg(T,)) 1T, (f) should have a clustered spectrum for all f € Ca,. This
has already been proven in Corollary 3.2. For general K, we start with the following
lemma.

Lemma 3.3. Let f € Co, and K be a kernel such that K % f tends to f uniformly
on [—m,w|. If Cp,(KC « f) is the circulant matriz with eigenvalues given by (3.11),
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Table 3.2. The first column of circulant preconditioners from kernels.

’ Kernel H [Ch(K* f)lko, 1<k<n-—1 ‘

t1+ 21, k=1,
Modified Dirichlet te + th_i, 2<k<n-—2,
%tn—l +El, k=n-—1.

ti + %t_szk, 1<k<m,
de la Vallée Poussin Wtk + tom—k, m<k<2m, m=|n/2],
0, k=2m.
von Hann cos? (%)tk + cos? (%)ﬂl,k

[0.54 + 0.46 cos? (Z£)] ¢,

n

Hamming + 054+ 046 cos? (") | 7,

(14 5t + (1= €5

DO =

Bernstein

then for all € > 0, there exist M and N > 0 such that for all n > N, at most M
eigenvalues of Ty, (f) — Cn(K * f) have absolute values greater than e.

Proof. We first write

To(f) = Cu(Kx f) = [T0(f) = cr (TN + [er(Tn(f)) — Cu(Kx f)];

where cp (T, (f)) = Cn(Fn * f) is T. Chan’s circulant preconditioner. In view of
Theorem 3.1, it suffices to show that

lim [lex (Tu(£)) = Cu(K * £)l2 = 0. (3.12)

n—oo

Since ¢p (T, (f)) and C,, (K  f) are both circulant matrices and hence can be diag-
onalized by the same Fourier matrix F),, we see that (3.12) is equivalent to

lim max |[A;j(Cp(Fn*f)) —N(Cr(Kxf))=0. (3.13)

n—oo 0<j<n—1
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However, by (3.9) and (3.11), we have

max |/\( Cn(Fu* f)) = N (Cr(K* £))]

0<j<n
_ 21y 21y
_ogrgngav}f—l‘(]: *f)( ) (K f)< )‘
SNFn# f=Kx fllo < 1Fn* f = flloo + I1f = K* flloo-
Since F,, * f and K x f both converge to f uniformly, (3.13) follows. O

Next we show that if f is positive, then C, (K x f) is positive definite and
uniformly invertible for large n.

Lemma 3.4. Let f € Cor with the minimum value fmin > 0 and K be a kernel
such that K« f tends to f uniformly on [—m, 7). If C,,(K* f) is the circulant matriz
with eigenvalues given by (3.11), then for all n sufficiently large, we have

N(CallC# ) 2 S faim >0, 0<j<n—1.

Proof. Since K * f converges to f uniformly and fui, > 0, there exists an N > 0
such that forallm > N and 0 <j <n-—1,

|7 =k ) <1 =K% Fllo < 5 Foin

Thus by (3.11), we have
M (Cul s ) = (s = 1) () + 7 (22)

mein—(f—lc*f>(2m)> “fuin,  0<j<n—1. O

Combining Lemmas 3.3 and 3.4, we have the main theorem, namely that the
spectrum of C;; 1T, is clustered around one.

Theorem 3.5. Let f € Cor be positive and K be a kernel such that K * f tends to
f uniformly on [—m,w]. If Cp(K % f) is the circulant matriz with eigenvalues

MOk ) =k« nN(ZL), o<jsn-t,

then for all € > 0, there exist M and N > 0 such that for all n > N, at most M
eigenvalues of I, — C; (K * f)T,.(f) have absolute values greater than e.

Proof. We just note that

I, — ijl(lc*f)Tn(f) = C,:l(/C*f)[C'n(lC*f) = Ta(f)]- U

It follows clearly from Theorem 3.5 that the PCG method converges super-
linearly. We remark that this unifying approach for the construction of circulant
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preconditioners transforms the problem of finding preconditioners to the problem of
approximating the generating functions. It gives us a guideline for choosing a good
preconditioner for a given generating function. According to Theorem 3.5, the circu-
lant preconditioner generated by the delta function § must be a good preconditioner
since § x f = f. By (3.11), the preconditioner can be written as follows:

Co(5 % f) = Frdiag (f(O)j(Q;LT),... f(Q(n;mT)) F.. (3.14)

In Chapter 4, we will use this kernel approach to construct the best circulant pre-
conditioner for ill-conditioned Toeplitz systems.

3.5 Examples

In this section, we test the convergence rate of the preconditioned systems with
generating functions given by the Hardy—Littlewood series:

ik log k —iklogk
€ ik € e—im) )
)

HD&(‘T) = Z ( ka el ¢ + ka
k=1

see Zygmund [89, p. 197]. Tt converges uniformly to a function in Cy, when a > 0.5.
In the examples below, we investigate the convergence rate of the preconditioned
systems for « = 1.0 and 0.5.

We remark that in general, H,(x) is not a positive function in [—m,7]. In
fact, we find numerically that when n = 512, the minimum values of the par-
tial sum s,[Hy](z) are approximately equal to —4.146 and —6.492 for o = 1.0
and 0.5, respectively. Thus, in the experiments, we choose the functions Hj(x) +
4.2 and Hys(x) + 6.5 as our generating functions. Eight different circulant pre-
conditioners are tested. As before, the right-hand side b is the vector of all
ones. Tables 3.3 and 3.4 show the number of iterations required for convergence.
They can be reproduced by running A.1 with three parameters: n, the size of the
system; pchoice, the choice of the preconditioner; and fchoice, 2 or 3 for Table 3.3
or 3.4, respectively.

Table 3.3. Number of iterations for f(x) = Hy(x) + 4.2.

Preconditioner n
used 32 \ 64 \ 128 \ 256 \ 512 \ 1024

I 18 | 27 | 43 51 58 56
Cn (D * f) 9 9 9 9 9 9
Con(Fpn x f) 10 | 11 | 11 10 9 9
Cn(Dp—1 % f) 10| 9 9 9 9 9
Modified Dirichlet 10| 9 9 9 9 9
de la Vallée Poussin 9 9 9 9 9 9
von Hann 9 9 9 9 9 9
Bernstein 10 | 10 9 9 9 9
Hamming 919 9 9 9 9
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Table 3.4. Number of iterations for f(z) = Hos(x) + 6.5.

Preconditioner n
used 32 \ 64 \ 128 \ 256 \ 512 \ 1024
I 18 | 29 | 44 | 66 67 68
Cn(Dy, x f) 11 | 14 | 16 16 15 15
Cn(Fn =+ f) 12 | 13 | 14 15 14 15
Cn(Dp—1 % f) 12 | 14 | 16 17 15 18

Modified Dirichlet 12 | 14 | 16 16 15 17
de la Vallée Poussin || 11 | 14 | 15 16 15 15

von Hann 11|12 | 13 15 15 15
Bernstein 12 | 14 | 14 16 15 15
Hamming 11|13 | 14 16 15 15

From the tables, we see that as n increases, the number of iterations increases
for the original matrix T}, while it stays almost the same for the preconditioned
matrices. Moreover, all preconditioned systems converge at the same rate for large
n. We also see that the convergence rate depends on the degree of smoothness of the
generating function. Finally, we notice that for small n, some of the preconditioners
may have negative eigenvalues. However, it is interesting to note that the PCG
method still converges in these cases.






Chapter 4

lll-conditioned Toeplitz
systems

In Sections 2.4.4 and 2.4.5, the band-Toeplitz preconditioner B, and the {w}-
circulant preconditioner P, are proposed for solving ill-conditioned problems. It
was proved in [28, 68] that they work well for some ill-conditioned Toeplitz systems
with the generating function f having finitely many zeros. The basic idea behind
these preconditioners is to find a function g that matches the zeros of f. However,
the major drawback of these preconditioners is that they need f explicitly. For
instance, to form P, in (2.11), we need to know f in order to construct a A,, de-
fined by (2.12). Similarly, in (3.14), J is a good kernel to construct a good circulant
preconditioner. However, we also need f explicitly. In contrast, to form Strang’s
preconditioner or T. Chan’s preconditioner from a given Toeplitz matrix T,,, we
need only the entries {t;};<, from the matrix. We do not need to know all the
Fourier coefficients of f or the function f itself.

In this chapter, a family of new circulant preconditioners is derived for ill-
conditioned Toeplitz systems with the generating function having a single zero.
These preconditioners are called the best circulant preconditioners in [32]. The idea
is to look for some sequences of trigonometric polynomials converging to the delta
function §. Then we use those polynomials as kernels to construct the precondi-
tioners as we did in Chapter 3. More precisely, we will construct preconditioners
by approximating f with the convolution product K * f that matches the zero of f
and depends only on {Z;}(;|<n-

4.1 Construction of preconditioner

Let T, (f) be an n-by-n Hermitian positive definite Toeplitz matrix with entries

defined again by the Fourier coefficients of a function f € C;T,

1 T ;
ty = — f(x)e ™ da, k=0,+1,+2,....

T o o

We recall that xq is a zero of f of order ¢ if f(zp) = 0 and ¢ is the smallest positive
even integer such that f(9)(zo) # 0 and f(¢+1)(z) is continuous in a neighborhood

47
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of zp. We remark that the condition number of T, (f) generated by such a function
f grows like O(n9); see Theorem 1.13 and [71]. In this chapter, we will consider
only f having a single zero. For the general case where f has more than one zero,
we refer readers to [26].

In the following, we will use the generalized Jackson kernels

km,2r Sln(%)
sin(§)

Kmor(z) =

2r
o } , r=1,2,..., (4.1)
to construct the circulant preconditioners. Here £, 2, is a normalization constant

such that ) -

2 J_.

Kmor(z)dz = 1.

It is known that k,, 2, is bounded above and below by constants independent of
m; see [64, p. 57] or (4.10) below. Note that /C,, 2(z) is the Fejér kernel F,,, and
Km,a(x) is called the Jackson kernel; see [64].

For any m, the Fejér kernel ICpy, 2(x) = F,,, can be expressed as

m—1
Kma(z) = Z b’(cm,Q)eikac’
k=—m+1

where

m — |k
pr = L < - 1)

see (3.8). By (4.1), we see that Iy, 2,-(2) is the rth power of /C,, 2(z) up to a scaling.
Hence we have

r(m—1)
Komor(z) = Z bém’%)e’kl, (4.2)
k=—r(m—1)

r)

where the coefficients b,im’z can be obtained by convoluting the vector

m,2 m,2 m,2 T 1 2 2 1 T
(bgmgl,...,bg %...,bin_l)) _(rz2 4. 21

m’m "m’m

with itself for » — 1 times. This can be done by FFTs; see [75, pp. 294-296] and also
Algorithm A.4 in the appendix. Note that the cost of computing the coefficients
{bém’%)} for all |k| < r(m — 1) is of order O(rmlogm) operations.

We recall that the convolution product of two arbitrary functions

glx) = Z bpet*® and  h(z) = Z cpeth®

k=—oc0 k=—oc0
in Cy, can be written as
1 [7 > .
(gxh)(z)=— / g(t)h(z —t)dt = Z brerelt®. (4.3)

2w
- k=—oc0
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For a given n-by-n Toeplitz matrix T, (f), the proposed circulant preconditioner is
Cn(Km2r * f), where m = [n/r], i.e.,

r(m—1) <n <rm. (4.4)

By (4.2) and (4.3), since f(z) = Y oo txe'*®, the convolution product is given by

r(m—1) et
(ICm,Q,, * f)(;p) B Z tkbém’QT)eikx _ Z dkeikI’ (45)
k=—r(m—1) k=—n+1

where
i — 0™k < r(m— 1),
0 otherwise.

By (3.11), the eigenvalues of the preconditioner C,, (K, 2, * f) are given by

- n—1
)\j(cn(’(:m,27. * f)) = (]Cm727, * f)(%) — Z dke27rijk/n

k=—n+1
n—1
=3 (di + dopy)™ I 0<j<n- 1,
k=0

Using (1.5) and (1.6), the kth entry of the first column of the preconditioner is just
dy, +d_p+. Recalling that the cost of computing all b,(cm’zr) is of order O(rmlogm)
operations, we see that the cost of constructing C,, (K., 2 * f) is of O(nlogn)
operations and it requires only the entries {;};j<n from the given n-by-n Toeplitz
matrix T),. See Algorithm A.3 for pchoice equalling 9 to 11, where b in A.3 are
computed by A.4 using (4.2). We remark that /C,, 2 is the Fejér kernel F,,, and

hence by (3.9), C,, (K2 * f) is just T. Chan’s preconditioner.

4.2 Properties of generalized Jackson kernel

In this section, we study some properties of Ky, 2, in order to see how good the
approximation of f by /Cp, o, * f will be. These properties are useful in the spectral
analysis of the circulant preconditioners in Section 4.3. First, we claim that the
preconditioners are positive definite.

Lemma 4.1. The preconditioner C, (K, 2, * f) is positive definite for f € C3. and
for all positive integers m, n, and r.

Proof. Just note that by (4.1), Ky, 2-(x) is positive except at x = 2kw/m, k =
+1,42,...,+(n — 1), and f € Cj,_ is nonnegative and not identically zero. Hence

(ICm,QT * f)(x) >0,

and the preconditioner C,,(KCp, 2, * f) is positive definite by (3.11). O
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For simplicity, we will use = to denote the function x defined on R in the
following. For clarity, we will use z2, to denote the periodic extension of x on
[—m, 7], ie.,

Top(x) =T if x =2 (mod 27) and % € [—m,7);

see Figure 4.1 below. It is clear that ngr € Cj.. for any integer p. We first show

that K, . * 252 matches the order of the zero of z32 at = 0 if r > p.

Lemma 4.2. Let p and r be any integers with r > p > 0. Then

1 s
(Kmar +a2) ) = (Cmar +2™) 0 = 5= [ Kar(tiPde =22, (10)

m?2p’

where

22p71 2 ar T\ 4r
2) <o, <92t <7) . 47
2+ 1 <7r> = p2r = 2 (4.7)

Proof. The first two equalities in (4.6) are trivial by the definition of xo,. For the
last equality, since

T (a?) <2 € [0,7]
— <sin (= - x T
™ 2) =2’ Y
we have by (4.1),
™ 27T2r]€ o ™ SiHQT (M)
2p m,2r 2
| Koot < =25 /0 prr el

mm 2

2P 22 o [T2 sin®Tw
= T dv
o v
)27‘

1 .27 oo i 27
s~ v s~ v
</O U27’72p dv + /1 v2r72p dU)
T ran s [Ty
) o v v + . m v

)27’ . (4.8)

m2p

2p+2
2 Pt km,QT (
m2p

o1

2p+2
22pt km,2r (
m2p

o1

2p+3
2 P+ km,Zr (
m2p

9B

Similarly, we also have

™ 22r+1km - T (i 2T (mt
/ Ko, 2r ()P dt > .2 / i (5) gy (4.9)
0

m2r— 1 t2r—2p

—T

1 .. 2r
22r+2p sin“" v
> m,2r dw
0

- m2p UZT—Qp



4.2. Properties of generalized Jackson kernel 51

2242k, 2\ [l
> m2r (2 / DR
m=-P v 0

220 2\
C 2p+1)m* \7)

By setting p = 0 in (4.8) and (4.9), we obtain

2 2r ™ T 27
4 <> km,2r < 2 = / ICm,Zr(t)dt < 8 (*) km.Qr-
T )

. 2
Thus
2 2\ 2r ym\2r
— | — < < — (= . 4.1
8 <7r> < Fm,2r < 7 (2) (4.10)
Putting (4.10) back into (4.8) and (4.9), we have (4.7). O

We remark that using the same arguments as in (4.9), we can show that for
p=1,
1
(K2 % 2°) (0) 2 O () ; (4.11)
m
i.e., T. Chan’s preconditioner does not match the order of the zeros of z?? at = 0
when p > 1. We will see in Section 4.4 that T. Chan’s preconditioner does not work
for Toeplitz matrices generated by functions with zeros of order 2p, where p > 1.
Next we estimate (Ko, * 252)(y) for y # 0. To this end, we first have to
replace the function ngr in the convolution product by 2P defined on R.

Lemma 4.3. Let p > 0 be an integer. Then

op o [Kmar x @ (@4 2m)] (y) _ (57T>2p (4.12)
T (Kmare) )\ 2
for anyy € [—m, —7/2];
1 S (ICm,Qr * 1’210) (y) S 32p (413)
(]Cm,2r * x%f;—) (y)
for any y € [-7/2,7/2]; and
2P < [’Cm,zr * %P (2 — 277)2p] (y) < (5277> > (4.14)

(K r < 232) )

for any y € [7/2,7].
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Proof. To prove (4.12), we first claim that

— t)?p — #)2p 2p
P i Ut Sk iy o (4.15)
- (y —t)on N2/

where t € [-m, 7] and y € [—m, —7/2]. By the definition of (y — £)32, we have (see
Figure 4.1)

(y =) (y +2m - ) _ {(y+2w —0%,  te[-my+l,
(y—t)2 (y — )%, tely+m,m.

For t € [-m,y + 7] and y € [—m, —7/2], we have

2p
T = (y+ 21— (y + 1) < (y+ 27 — 1) < (y+ 3m)*P < (5;) _

Fort € [y+m, 7] and y € [-m, —7/2], we have
T = (y— (y+ 7)) < (y -1 < (y-m)* < (2m)*.

Thus we obtain (4.15).
We see that by using (4.15),

1 (7 5
— moar(t)(y — )32 dt
on | Kmar®y — 032

[;ﬁ / Kom2r(t)(y — )P (y + 2m — t)?Pdt

(K v 232) )

1

=
1

2P

[Icm,Qr * $2p(w + 277)217] (y)
Similarly, we also have

2

2) Ko s+ 207 o)

(Km,zr * xii) (y) > <

Thus we obtain (4.12).
To prove (4.13), we just note that

(y—t)%r 2
TR

where t € [—m, 7] and y € [-7/2,7/2]. As for (4.14), we have

1<

2 2
o WPy —2m — )

2p
T
=~ 2p S (2) )
(y - t)27r

where ¢ € [—m, 7] and y € [7/2,7]. O
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A
\
\
AN
Ny +2m =)
AN
\
AN
AN
AN
AN
AN
AN
AN
AN
AN
AN /'
N e
ye
AN oy —t)*
- -
Yy y+7T (y_t)Zﬂ'
\L///// t
Il | || | N,
_N ‘71' O ‘71' I Cad

Figure 4.1. The functions (y —t)32, (y — )%, and (y + 21 — )%,

P

By using Lemmas 4.2 and 4.3, we can show that K, o, * 257 and z3° are

essentially the same away from the zero of z32.

Theorem 4.4. Let p and r be any integers with r > p > 0 and m = [n/r]. Then
there exist a and 8 with 8 > « > 0 independent of n such that for all sufficiently
large n and 7/n < |y| < w, we have

(’Cm,Qr * x%ﬁ) (y)

2p
y27r

o< <8 (4.16)

Proof. We see from Lemma 4.3 that for different values of y, (K 2. * 252 )(y) can
be replaced by different functions. Hence, we separate the proof for different ranges
of values of y. We first consider y € [r/n,7/2]. By the binomial expansion,

(Icm,Qr * x2p) (y)

1 (7 a2
%/ﬂTKm,gr(t)(y t)Pdt

1" 2 (2p
- 2p—k(_\k
o /_WICm,QT(t)Z(k)y (—t)"dt.

k=0
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Note that [ Ky, 2r(t)tFdt = 0 for odd k. Thus

(K:m,2r * x2p) (y) (K:m,2r * x?p) (y) 1 z
2p y2p = % Z
Yor k=0

2p\ o [T 2k

—T

By (4.6), we then have

(’Cm,ZT * x2p) (y) 1 a 2]3 Ck,2r
2 “or Z 2% ) y2Fm2k’ (4.17)
2m k=0

where by (4.7), ¢ 2, are bounded above and below by positive constants indepen-
dent of m for k =0,...,p. By (4.4) and 7/n <y, we have

T<™ < ym. (4.18)
T n

Hence we obtain by (4.17) and (4.18),

(ICW,QT * pr) (y) 1 -
Yan 27 Z::

k=0

IN

Co,2r S

()" ()

Therefore, (4.16) follows for y € [r/n,n/2] by using (4.13). The case with y €
[-7/2,—7/n] is similar to the case where y € [r/n,7/2].
Next we consider y € [r/2,7]. Note that

1 T
[’Cm,gr * sc2”(x — 27r)2p] (y) = Py Kon,2r (£)(t — y)Qp(t —y+ 27r)2pdt
1 U
=5 | Kmar®) (7@ = y)* +4(t)) dt,

where
4p
q(t) = (t =) (t —y+2m)* -y (2r -y =Y g5t/
j=1
is a 4pth degree polynomial without the constant term. We have by (4.6) again,

1

™ 2p
o 'CZj,Zr
% . ’Cm,Qr(t)Q(t)dt - jz::quJ m2j .

Thus by using the fact that 5= [ Ky, 2, (t)dt = 1, we obtain

2p
[,Cm,27‘ * x?p(l. - 2,”_)2;0] (y) = y2p(27T - y)2p + Z q2j
j=1

C2j.2r
nr (4.19)
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Since (7/2)% < y3? for y € [1/2,7], we have

K:m,2r * w2p(x - 2”)21) (y) w2
[ 2p ] S (277 - ( ) Z |Q2J|ng,2r

y2ﬂ'
3 2 2P
< <2) ( ) Z lq2;]c2j,2r (4.20)

which is clearly bounded independent of n. For the lower bound, by using the fact
that 722 > 422 for y € [r/2, 7] in (4.19), we have

[ICWQ,. * 2P (1 — 27r)2p] (y)
2p
yQﬂ'

C:
Z(y*QW 2p+7zq2] QJiT

>w%+4—§:2f3§. (4.21)

Clearly for sufficiently large n (and hence large m), the last expression is bounded
uniformly from below by 72P /2. Combining (4.20), (4.21), and (4.14), we see that
(4.16) holds for y € [n/2,n] and for n sufficiently large. The case where y €
[-7, —7/2] can be proved in a similar way. O

Using the fact that
2p 1 " 2p
Knar s @=2)3| ) = 5= | Kmar®)y —= =3t

= (Kmar=23) (v - 2).

we obtain the following corollary, which deals with functions having a zero at z # 0.

Corollary 4.5. Let z € [—m,x|. Let p and r be any integers with r > p > 0 and
m = [n/r]. Then there exist a and B with 8 > « > 0 independent of n such that
for all sufficiently large n and w/n < |y — z| < 7, we have

[Kmzr (2= 2)32] (v)

(y —2)3%

a <

<p.

Now we can extend the results in Theorem 4.4 to any functions in C3_ with
a single zero of order 2p.

Theorem 4.6. Let f € C;‘W with a zero of order 2p at z € [—m,w|. Let r > p be
any integer and m = [n/r]. Then there exist o and 8 with § > o > 0 independent
of n such that for all sufficiently large n and w/n < |y — z| < m, we have

< (’Cm,Qr * f) (y)

“= f(y) =0
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Proof. By the definition of zeros, f(z) = (z—2z)32g(z) for some positive continuous
function g(x) on [—m,w]. Write

Kz x ) [Komr # 0= 220@)] @) [Kmoe s e =23 ) 4

flyy [;cm,zr % (z— z)gg] W (y—2)30 9(y)

Clearly the last factor is uniformly bounded above and below by positive constants.
By Corollary 4.5, the same holds for the second factor when 7/n < |y — z| < . As
for the first factor, by the mean value theorem for integrals, there exists a ¢ € [—, 7]
such that

(o ar (2 = 2)39(@)] 1) = 9(Q) [Komar * (= 2)32] (v).
Hence for all y € [—7, 7], we have

(K # (@ = 2)309(@)] ()
[Kmar s (= 23] )

0< 9min S S 9max;

where gmin and gmax are the minimum and maximum values of g, respectively. Thus
the theorem follows. O

Up to now, we have considered only the interval n/n < |y — z| < w. For
ly — z| < w/n, we can show that at the zero of f, the convolution product Cp, 2, * f
matches the order of the zero of f.

Theorem 4.7. Let f € C;;r with a zero of order 2p at z € [—m,w|. Let r > p be
any integer and m = [n/r]|. Then for any |y — z| < 7/n, we have

1
(Koo # 1) (4) = O <n> |
Proof. We first prove the theorem for f(z) = a:gfr By the binomial theorem,

(Kimar % 22%) (y) = % / Koo (£) (y — )27t

- / Koo (1) Z (2?’) Y2 (—t)idt.

i=o \J

Since ["_ Ky 2r(t)t?dt = 0 for odd j, we have

™ P
(Km2r % 2°7) (y) L Kmar(®) ) (; _>y2p_2jt2j dt. (4.22)
0

L S \2j
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By using (4.22), (4.6), (4.7), and then (4.4), we have for |y| < 7/n,

IN

1 = /2p\ /m\2p—2i [T ,
2 2
(Ko 2 % 227 (1) o ;:0 (2].) (£) Ko 2 (£)t%7 dt

—T

L~ (20 55 9ps -0 1
w2 gy )7 Peiar =0 )
=

IN

Hence by (4.13),

(ICWQT % x%ﬁ) (y) <O (nl2p> .

Similarly, from (4.22), (4.6), (4.7), and then (4.4), we have

Koy 2 (0) > = | Koo (0)2Pdt = 220 — 0 (1) .

2, m2p n2p

Hence by (4.13) again,

(’Cm,gr * mgfr) (y) >0 <n121’> .

Thus the theorem holds for f(z) = z32.
In the general case where f(z) = (x — 2)32g(z) for some positive function
g € Ca,, by the mean value theorem for integrals, there exists a ¢ € [—, 7] such that

(Ko ar * ) = [Kmar # (2 = 2)329()] )
= 9(Q) [Kmarx (2= 23] )
= 9(0) (Kmar ¥ a32) (v — ).

Hence
GJmin ° (’Cm,2r * x%ﬁ) (y - Z) S (’Cm,Qr * f)(y) S Jmax ° (Icm,2r * l’gi) (y - Z)

for all y € [—m,7]. From the first part of the proof, we already see that

(Ko at) 0= =0 ;)

for all |y — z| < 7/n. Hence the theorem follows. O
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4.3 Spectral analysis

In this section, we study the spectrum of the preconditioned system.

4.3.1 Functions with a zero

In this subsection, we analyze the spectra of the preconditioned matrices when the
generating function has a zero. We need the following lemma. Its proof is similar
to that of Theorem 2.16. We therefore omit it.

Lemma 4.8. If f and g € C3,_ are such that 0 < o < f/g < 3 for some constants
a and B, then for all n and all nonzero v € C™,

v, (f)v <5

<
=T (g)v

The next theorem states that the spectra of the preconditioned matrices are
essentially bounded.

Theorem 4.9. Let f € C3_ with a zero of order 2p at z. Letr > p and m = [n/r].
Then there exist a and B with 8 > « > 0 independent of n such that for all
sufficiently large n, at most 2p + 1 eigenvalues of Cy (K 2r % f)T(f) are outside
the interval [, 5].

Proof. For any function g € Cqy, let C, (9) be the n-by-n circulant matrix with
the jth eigenvalue given by

NG =" (4.23)

9
g<m> otherwise
n

for j =0,...,n — 1. Since there is at most one j such that [27j/n — 2| < 7/n, by
(3.14), Cp(g9) — Cn(g) is a matrix of rank at most 1.
By the assumption, we have

o) s (£52) gta)
for some positive function g in Cso,. We use the following decomposition of the
Rayleigh quotient to prove the theorem:
v T, (f)v o v (f)v v, [sinQp (IEZ)] v

Vi Co(Kmar x f)v  v*T, [sin®” (252)] v . v<C, [sin® (252)] v

.V*én sin® (252)] v v*Con(f)v

[ .
v Co(f)v v Cp(Kmar * f)V

’ (4.24)
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for all nonzero v € C™. We remark that by Lemma 4.8 and the definitions of C), in
(3.14) and C,, in (4.23), all matrices in the factors in the right-hand side of (4.24)
are positive definite.

As g is a positive function in Cs,, by Lemma 4.8, the first factor in the
right-hand side of (4.24) is uniformly bounded above and below. Similarly, by
(4.23), the third factor is also uniformly bounded. The eigenvalues of the two
circulant matrices in the fourth factor differ only when |27j/n — 2| > w/n. But
by Theorem 4.6, the ratios of these eigenvalues are all uniformly bounded when
n is large. The eigenvalues of the two circulant matrices in the last factor differ
only when |27j/n — z| < w/n. But by Theorem 4.7, their ratios are also uniformly
bounded.

It remains to handle the second factor in (4.24). Defining so,(z) = sin® (%5%),
we have

1 1 1. _. 1 .. . \P
Sop(x) = 277[1 —cos(z —2))P = % ( - 56126_” +1- ie_we”’) ;

i.e., sop(x) is a pth degree trigonometric polynomial in z. Note that for n > 2p,

(Diny2) * s2p)(y) = s2p(y)

for all y € [—m, w]. Therefore,
Cn[Dins2) * s2p(w)] = Cn[s2p()]

is Strang’s circulant preconditioner for T;,[s2,(2)] when n > 2p; see Section 3.2.1.
As s9,(z) is a pth degree trigonometric polynomial, T, [s2,(2)] is a band-Toeplitz
matrix with half bandwidth p + 1. Therefore, when n > 2p, by the definition of
Strang’s preconditioner,

0 0 R,
Cy [s2p(x)] = Ty [s2p(x)]+ | O O O |, (4.25)
R: 0 0

where R), is a p-by-p matrix. Thus

T[s2p(2)] = Crls2p(z)] + Ry,

where R, is an n-by-n matrix with rank(R,) < 2p+ 1.
Putting this back into the numerator of the second factor in (4.24), we have
for all nonzero v € C",

v*T.(f)v
v*Cy (K 2r * )V
_ VT v Oy VOV v CalKima x )V
VT [52@)]V v Ou(f)v Vi CnKmar % )V V-Co(Kar % f)v
v*T.(f)v ' V'R,V
VT, [sop(x)] v v*Cp(Kppor % f)V'
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Notice that for all sufficiently large n, except for the last factor, all factors above
are uniformly bounded below and above by positive constants. We thus have

v*T.(f)v V*R,v

V*On(lcm or ¥ f) ( ) * ﬁ( ) *Cn(lcmzr * f)V
when n is large. Here
0 < Omin S OL(V) S Qmax < 0, O < ﬂmin S ﬂ(V) S ﬂmax < 00.

Hence for large n and for all nonzero v € C™,

V* [Tn(f> - Bmaan]V o
V*Cn(lcm,Qr * f)V -

Let the number of positive eigenvalues of R,, be q. Then by Weyl’s theorem, at
most g eigenvalues of C;; 1 (K0, % f)T,(f) are larger than aupay. Similarly, we can
prove that at most 2p+ 1 — g eigenvalues of C;l(ICm,Q,, * f)T,(f) are less than apip.
Hence the theorem follows. O

Finally, we prove that all the eigenvalues of the preconditioned matrices are
bounded from below by a positive constant independent of n.

Theorem 4.10. Let f € CJ_ with a zero of order 2p at z. Let r > p and
m = [n/r]. Then there exists a constant ¢ > 0 independent of n such that for all n
sufficiently large, all eigenvalues of the preconditioned matriz C;; (K 2r * f)Tn(f)
are larger than c.

Proof. In view of the proof of Theorem 4.9, it suffices to obtain a lower bound
of the second Rayleigh quotient in the right-hand side of (4 24). Equivalently, we
have to get an upper bound of the spectral radius p[T}; *[sap(x)]Cp[s2p(2)]]. We
note that by (4.23), R

Ch [s2p(2)] = Ch [52p(2)] + En,

where F,, is either the zero matrix or is given by

1 21y
Ediag <...,O,nzp —szp(:b]),o,...) F,

for some j such that |27j/n—z| < w/n. Thus ||E,|l2 = O(n~??). By Theorem 1.13,
T, sa,()] is positive definite. Thus the matrix T}, [s2,(2)]Cy[s2, ()] is similar to
the symmetric matrix T, /> [s9p ()] Ch [52p ()] T, /2 [s2p(z)]. Hence we have

p [T (529 )] G lsng ()]
= [T (500 (0)] G [s2p()) T /2 [s2p()]
< b [T [520(0)] Con [s2p()) T /2 [s2p(a)

[T, 12 [s2p ()] Ty, V2 [52 (0]
< p [T [s2p(@)] Cn [s2p (@)]] + [T [sap(@)], 1 Bullo. (426)
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By Theorem 1.13 again, we have
|75 [s2p(@)]]], = O(n*P).

Hence the last term in (4.26) is of O(1).
It remains to estimate the first term in (4.26). According to (4.25), we
partition
Bi1 Biz B
T, [syp(x)] = [ Biy Baz Bas |,
Bis Bs; Bss

where By and Bss are p-by-p matrices. We then have by (4.25),

B3R, 0 ByR,
p [T [s2(2)] C[s2p()]] <1+p | | BisRy O BiR,
BsR: 0 Bi3R,

BlgR* B11R
=1 p P 4.27
o [(193332 Bi‘ngﬂ ’ 20

where the last equality follows because the 3-by-3 block matrix in the equation has
vanishing central column blocks. In [4, Theorem 4.3], it has been shown that R,,
Bj1, B3, and Bsj all have bounded || - ||; norms and || - ||oo norms. Hence using
the fact that p[-] < |- lla < (|- [l1 -] - leo)/?, We see that (4.27) is bounded and the
theorem follows. O

By combining Theorems 4.9 and 4.10, the number of PCG iterations required
for convergence is of O(1). Since each PCG iteration requires O(nlogn) operations
and so does the construction of the preconditioner (see Section 4.1), the total com-
plexity of the PCG method for solving Toeplitz systems generated by f € C3._ is of
O(nlogn) operations.

4.3.2 Positive functions

In this subsection, we consider the case where the generating function is strictly
positive. We note that by the Grenander—Szegd theorem, the spectrum of T, (f)
is contained in [fmin, fmax), Where fmin and fpax are the minimum and maximum
values of f. It is easy to see that

O < fmin S (ICm,2r * f) (y) S fmax'
Thus the whole spectrum of C;; ' (K 2, * f)Tn(f) is contained in

[fmin/fma)u fmax/fmin];

i.e., the preconditioned system is also well-conditioned. We now show that its
spectrum is clustered around 1.
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Theorem 4.11. Let f € Cyr be positive. Then the spectrum of the preconditioned
matriz C7 (Koar * f)Tn(f) is clustered around 1 for sufficiently large n, where

m=[n/r].

Proof. We first prove that ICp, 2, * f converges to f uniformly on [—m,7]. For
w >0, let

w(f;p) = max [f(z) — f(z —1)|

@, |t|<p

be the modulus of continuity of f. It has the property that

w(f, ) < A+ Dw(f, p)

for A > 0; see [64, p. 43]. By the uniform continuity of f, for each € > 0, there exists
an 1 > 0 such that w(f,n) < e. Taking n > 1/n, we then have for all y € [—7, 7],

1

o /_T; [Km,Qr(t)f(y) — ’Cm,zr(t)f(y _ t)] dt

~ ”ww—ﬂ-%M%%Oﬁ

1f(y) = (Km2r * f) ()| =

I A

IN

27/ fv |t| m2r( )dt

:;/‘ (£l =) Ko (it
<L / (nlt) + 1o ( £, ) Kon2r ()t
:w(f,ﬁ> (c+1) < (c+ 1,

where ¢ = %foﬂ Kom,2r(t)tdt is bounded by a constant independent of n; see (4.8)
for p = 1/2. Therefore, K, 2, * f converges uniformly to f. By Theorem 3.5, the
spectrum of C; ' (Ky 0 % f) T (f) is clustered around 1 for sufficiently large n. O

We conclude immediately that when f € Csg, is positive and the precon-
ditioner C.,(KCp 2 * f) is used, the PCG method converges superlinearly; see
Section 1.3.1.

4.4 Examples

In this section, we illustrate by eight numerical examples the effectiveness of the
preconditioner Cy, (K, 2 * f) in solving Toeplitz systems T,,(f)u = b and compare
them with Strang’s and T. Chan’s circulant preconditioners. The last six examples
are ill-conditioned Toeplitz systems where the condition numbers of the systems
grow like O(n?) for some ¢ > 0. They correspond to f having zeros of order ¢; see
[71]. Because of the ill-conditioning, the CG method will converge slowly and the
number of iterations required for convergence grows like O(nQ/ 2). However, we will
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see that using the preconditioner Cy, (KCp, 2 * f) with 2r > ¢, the preconditioned
system will converge linearly.

In the following, we set m = [n/r]. The right-hand side b is the vector of all
ones. Since the functions are nonnegative, the T,,(f) so generated are all positive
definite; see Theorem 1.13. As mentioned in Section 4.1, the construction of the
preconditioners for an n-by-n Toeplitz matrix requires only the n diagonal entries
{tj}j]<n of the given Toeplitz matrix. No explicit knowledge of f is required. See
A.3 for pchoice equalling 9 to 11. Note that coef in A.3 are computed in A.4
using (4.2).

Tables 4.1-4.4 show the number of iterations required for convergence for
different preconditioners. They can be reproduced by running A.1 with three

Table 4.1. Number of iterations for well-conditioned systems.

zt+1 |z[> + 0.01

n 32 64 128 256 512 1024 | 32 64 128 256 512 1024

I 19 3 55 66 70 71 |20 52 130 272 395 431
s(T,) | 8 6 5 5 5 5 [10 11 10 8 6 6
ecr(T) |7 7T 6 6 6 5 [13 15 18 15 12 10
Knis | 6 5 5 5 5 5 9 8 6 6 6 6
Kne | 6 5 5 5 5 5 |9 8 7 7 6 7
Kns | 6 6 5 5 5 5 10 9 7 6 7 6

Table 4.2. Number of iterations for functions with order 2 zeros.

z? 22(nt —2%)

n 32 64 128 256 512 1024 | 32 64 128 256 512 1024

I 17 38 82 177 371 765 | 16 32 64 128 256 512
sT) | - - - - - - |8 9 10 10 10 11
cr(T,) |10 12 14 17 22 28 9 12 14 16 21 25
K4 7 8 8 8 9 9 7T 9 9 9 11
K6 7 8 9 9 9 9 8 9 9 9 10 10
Ko g 8 9 9 9 9 9 8 9 9 10 10 10

Table 4.3. Number of iterations for functions with order 4 zeros.

zt 2 (n? — 2?%)

n 32 64 128 256 512 1024 |32 64 128 256 512 1024

T [30 106 414 1742 1 f |18 62 208 769 2062 |
Al
cp(Ty) | 16 25 39 82 211 547 |14 21 32 53 139 336
Kna |11 13 16 18 20 24 |12 13 16 19 21 25
Knpe |13 14 17 18 19 22 |13 14 16 19 21 23
Kns |13 15 17 19 22 22 |14 14 16 18 21 25
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Table 4.4. Number of iterations for other functions.

oI’ > k<1024 1/ ([E] + 1) —0.3862

n 32 64 128 256 512 1024 | 32 64 128 256 512 1024

I 22 59 168 499 1444 T 21 58 153 399 817 947

cr(T,) [ 13 17 24 36 55 84

—_
o
=
w
—
ot
—
\]
—
0]
=
w

Kma |10 10 11 12 13 14

K,e¢ |10 10 12 12 13 15

~| oo
===
ENIEN{RoN
| 3| on
NN
o o=

Kms |10 11 12 12 14 16

parameters: n equals the size of the system; pchoice equals 9,10, or 11 for the
generalized Jackson kernels with » = 2,3, or 4 respectively; and fchoice equals
4,5,...,11 for different generating functions. In the tables, as before, I denotes
no preconditioner, s(T,) is Strang’s preconditioner, K, 2, are the precondition-
ers from the generalized Jackson kernel K, o, and cp(T,) = K2 is T. Chan’s
preconditioner. Iteration numbers more than 3,000 are denoted by “i”. We note
that s(7T,) in general is not positive definite, as the Dirichlet kernel D,, is not
positive; see Section 3.2. When some of its eigenvalues are negative, we denote
the iteration number by “~7, as the PCG method does not apply to nondefinite
systems.

The first two test functions in Table 4.1 are positive functions and therefore
correspond to well-conditioned systems. Notice that the iteration numbers for these
original systems tend to a constant when n is large, indicating a linear convergence
rate. In this case, we see that all preconditioners work well and the convergence is
fast.

The two test functions in Table 4.2 are nonnegative functions with one or more
zeros of order 2 on [—m,w]. Thus the condition numbers of the Toeplitz matrices
are growing like O(n?), and hence the number of iterations required for convergence
without using any preconditioners is increasing like O(n). We see that for these
functions, the number of iterations for convergence using T. Chan’s preconditioner
increases with n. This is to be expected from the fact that the order of K, 2 * 22
does not match that of z? at z = 0; see (4.11). However, we see that K, 4,
K6, and K, g all work very well, as predicted from the convergence analysis in
Section 4.3.

When the order of the zero is 4, like the two test functions in Table 4.3,
the condition numbers of the Toeplitz matrices will increase like O(n?) and the
matrices will be very ill-conditioned even for moderate n. We see from the table
that both Strang’s and T. Chan’s preconditioners fail. As predicted by the theory,
K a, K6, and K, g still work very well. The number of iterations required for
convergence stays almost the same independent of n.
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In Table 4.4, we test two functions that the theory does not cover. The first
function is not differentiable at its zero. The second one is a function with slowly
decaying Fourier coefficients. We found numerically that the minimum value of
Z|k|<1024 Wﬁei’” is approximately equal to 0.3862. Hence the second function
is approximately zero at some points in [—m,n]. Table 4.4 shows that the K,, o,
preconditioners still perform better than Strang’s and T. Chan’s preconditioners.

To further illustrate Theorems 4.9 and 4.10, we give in Figures 4.2 and 4.3
the spectra of the preconditioned matrices for all five preconditioners for f(z) = 22
and z* when n = 128. We see that the spectra of the preconditioned matrices for
K., 6 and K,, g are in a small interval around 1, except for one to two large outliers,
and that all the eigenvalues are well separated away from 0. We note that Strang’s
preconditioned matrices in both cases have negative eigenvalues and they are not
depicted in the figures. Finally, we would like to mention that the general case
where f has more than one zero is done in [26].

7

6 Km s Jackson Preconditioner + ot + ]
Sr Km 6 Jackson Preconditioner T T
4+ Km4 Jackson Preconditioner H +
3r T. Chan Preconditioner + + o+ + s
2r Strang Preconditioner (has negative eigenvalues) + 1
1+ + b bbb .

No Preconditioner

0 L Lol L Lol L Lol L Ll L Lol L L
107 10° 107 10" 10° 10’ 10°

Figure 4.2. Spectra of preconditioned matrices for f(z) = 2% when n = 128.



66 Chapter 4. lll-conditioned Toeplitz systems
7 T T T T T T
6r K., g Jackson Preconditioner + ot + b
5 K., ¢ Jackson Preconditioner + + + T
4r K., , Jackson Preconditioner ot o+ + 7
3+ + + + B
T. Chan Preconditioner
2r + 4+ HH B
Strang Preconditioner (has negative eigenvalues)
1+ + R e i e o e R R B
No Preconditioner
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Figure 4.3. Spectra of preconditioned matrices for f(x) = x* when n = 128.



Chapter 5

Block Toeplitz systems

The m-by-m block Toeplitz matrix with n-by-n Toeplitz blocks is defined as follows:

Toy Ti—y - Te-m) Ta-m
T Toy T-y - Te-m
Tonn = T(l) T(O) B ) (51)
Ty == - Ty
Tim-1) Tm-2) -+ T To)

where the blocks T(;), for [I| <m — 1, are themselves Toeplitz matrices of order n.
Matrices of the form (5.1) are called BTTB matrices. We are interested in solving
the BTTB system

Tmnu=D>b

by the PCG method. BTTB systems arise in a variety of applications in numerical
differential equations [7, 19, 49, 55, 63], networks [36], and image processing [20,
24, 66]. In this chapter, several preconditioners that preserve the block structure of
Tonn are constructed. We show that they are good preconditioners for solving some
BTTB systems. Since the block preconditioners are defined not only for BTTB
matrices but also for general matrices, we begin with the general case.

5.1 Operators for block matrices

In the following, we call ¢y defined by (2.3) the point operator in order to distinguish
it from the block operators that we now introduce. Let us begin by considering a
general block matrix A,,, partitioned as follows:

Ain Ao - Aim
Ao Ao - Ay

Apn = . . . . ) (5'2)
Am,l Am,2 T Am,m.

where A; ; € C**™.
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68 Chapter 5. Block Toeplitz systems

5.1.1 Block operator cg)

In view of the point case, a natural choice of preconditioner for A,,, given by (5.2)
is

cv(A11) cv(Ar2) - cu(Aim)
Cuy (A2,1) CU(A2,2) e Cu (Az,m)
U (Am,l) cu (Am,Q) o Cu (Am,m)

where the blocks ¢y (4, ;) are just the point approximations to A; ;; see (2.3). In
the following, we first study its spectral properties.
Let 60 (A,,,) be defined by

0(A11) 0(A12) -+ 0(Aim)
0(Az1) 0(Az2) -

=
e

“l\?

S

W (Apn) = , (5.3)

5(Am1) 8(Ama) - (Amm)

where each block (4, ;), defined as in Section 2.2, is a diagonal matrix whose
diagonal is equal to the diagonal of the matrix A; ;. The following lemma gives the
relation between the spectrum of A,,, and the spectrum of 6(1)(Amn).

Lemma 5.1. For any arbitrary A, € C™™" ™" partitioned as in (5.2), we have
Omax (5(1)(Amn)) < Umax(Amn)a (54)

where omax(-) denotes the largest singular value. Furthermore, when A, is Her-
mitian, we have

)\min(Amn) S )\min (5(1)(Amn)) S )\max(é(l)(Amn)) S )\max(Amn)» (55)

where Amin(+) and Amax(+) denote the smallest and largest eigenvalues, respectively.

Proof. Let
(Amn)i,j;k,l = (Ak,l)ij
be the (7, j)th entry of the (k,l)th block of A,,,. Let P be the permutation matrix
that satisfies
(P*Amnp)k,l;i,j = (Amn)i,j;hl’ (5‘6)
for 1 <i,5 <n,1<k,l<m,and let

Bpn = P*6W (A0 P.

Then B,,, is of the following form:
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We know that B,,, and §)(A,,,) have the same singular values and eigenvalues.
For each k, since By € C™*™ is a principal submatrix of the matrix A,,,, it
follows by Corollary 3.1.3 in [52, p. 149] that

Omax(Bk,k) < Omax(Amn)-
Hence we have
Omax (5(1)(Amn)) = Omax(Bmn) = max (omaX(Bk,k)) < Omax(Amn)-
When A,,,, is Hermitian, by Cauchy’s interlace theorem, we then have

)\min(Amn) mkin ()\min(Bk,k)) = Amin (5(1) (A’mn))

)\max (6(1)(Amn)) = m]?x ()\max(Bk,k)) S AIrla.x(A’477m)~ ]

VARVAN

In the following, let %})n denote the set of all matrices of the form given by
(5.3), i.e., @%% is the set of all m-by-m block matrices with n-by-n diagonal blocks,
and let

AP ={Tevy a1 ev) | AD € 7).},

where [ is the m-by-m identity matrix, U is any given n-by-n unitary matrix, and
the symbol “®” denotes the tensor product (Kronecker product). We recall that
the tensor product of A = (a;;) € CP*? and B € C"™** is defined as follows:

CLnB a,lgB e aqu

ang a22B e aqu
A®B= . : : ;

aplB Clpr te aqu

which is a pr-by-gs matrix. The basic properties of the tensor product can be found
in [41, 55].

Similarly to the definition of the operator ¢y, we now define an operator 08)
that maps every A,,, € C™*™" to the minimizer of |Wy, — Amnll# over all
Winn € //[(]1). Some properties of 08) are given in the following theorem.

Theorem 5.2. For any arbitrary Am, € C™*™" partitioned as in (5.2), let
08)(Amn) be the minimizer of |Wimn — Amnllo over all W, € ///é”. Then the

following hold:

(i) CS)(Am’n) is uniquely determined by Amn and is given by

S (Apn) = T U SV [(I @ U)Apn(I 2 U)* (IR U). (5.7)
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(i) 08)(Amn) is also given by
cv(A11)  cu(Ar cv(A1,m)
cv(Az1)  cu(Az2) cu(Azm)
CUu (Am,l) CU(Am,Q) e CU(Am,m)

where cy s the point operator defined by (2.3).

(iii) We have
P (Amn)) < Gmax(Amn)-

Omax (CU

(iv) If Apn is Hermitian, then CS)(Amn) is also Hermitian and

)\min(Amn) S )\min (08) (Amn)) S /\max (CS) (Amn)> S Amax(AAmn)~

In particular, if A, 18 positive definite, then so is cg)(Amn).
(v) C(Ul) 18 a linear projection operator with the operator norms

sup ”CI(Jl)(Amn)”Q =1

1
e ]l2 =
[|Apan |l2=1

and ) .
i et (Apn) | = 1.

lleg’llz = sup

[[Amnll#z=1

Proof.
(i) Let Wy, € ///rgl) be given by

where A(l% € @y(,})n Since the Frobenius norm is unitary invariant,

Won = Apnllz = [T QU AT @U) = Ayl 2
= AGE = (I @U)Apn(I @ U)*| 5.

Thus, the minimizing problem ||W,,,,, — Apnll & over //l((]l) is equivalent to the
minimizing problem

over @7511,)”. Note that A%% can affect only the diagonal of each block of

I@U)Ap,(I®U)".
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Therefore, the solution for the latter problem is
AR =W [T @U)Amn(I@U)*].
Hence
S (Apn) = TR UY SV [(I @ U)An(I © U)*|(I @ U)
is the minimizer of ||W., — Amn|l#. Obviously, 08)(Amn) is uniquely deter-
mined by A,

(ii) Just note that
V[T @U)Apn(I @ U)*]

S(UALLU*)  S(UALU*) - §(UAL,U*)
S(UA2,U")  §(UAsU*) -+ §(UA2,mU¥)
S(UAm U*) §(UAm2U*) - 5(UApmU*)

(iii) For any A, € C™™*™" we have by (5.4) and (5.7),
Tmax (A (Amn)) = Omax [0 (I @ U)Apn (I @ U)?)]
< Omax [(I & U)Amn(l & U)*] = Umax(Amn)~

(iv) If A,,, is Hermitian, then it is clear that cgjl)(Amn) is also Hermitian. More-
over, by (5.5) and (5.7), we have

)\min(Amn) = )\min [(I & U)Amn(I & U)*]

< Auin [0 (I @ U) A (I @ U)*)]

= Min (¢ (Amn)) < Amax (e (Amn))

= Amax [0 @U)Apn (I @ U)*)]

< Amax [T @ U) A (I @ U)*] = Anax (Amn).-

(v) By (5.9), we have

1 1
||C[(])(Amn)||2 == O—max(cgj)(Amn)) S CTmax(AAfnn) == ||Amn||2
However, for the identity matrix I,,,, we have
1
ety (Fn)ll2 = a2 = 1.
Hence ||c§]1) |l2 = 1. For the Frobenius norm, since

e (Ama)lz = 18O [(I @ U)ApmnI @ U)*]|| 5
< I @) ApnI @ U)* |5 = || Anll#

and

1
= —|Inllz =1
o A

R

o ()

it follows that ||C§]1)Hy =1 O
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5.1.2 Block operator 68)

For matrices A,,, partitioned as in (5.2), we can define another block approximation
for them. Let 6(Y)(A,,,,) be defined by

A1,1 0 0

< 0 Az,z 0

DA =1 . . . I (5.10)
0 0 o Amm

s

In the following, we use .@fﬁ}n to denote the set of all matrices of the form given

by (5.10); i.e., @ﬁ,)n is the set of all m-by-m block diagonal matrices with n-by-n
blocks. Let

mn

7 ={(venihwven Ay ez},

where V' is any given m-by-m unitary matrix and I is the n-by-n identity matrix.

We define an operator ES) that maps every A,,, € C™"*™" to the minimizer

of ||Win — Amnlle over all W,,,, € j//‘(,l). Similar to Theorem 5.2, we have the
following theorem.

Theorem 5.3. For any arbitrary Am, € C™™*™" partitioned as in (5.2), let

ES)(Amn) be the minimizer of ||Win — Amnlle over all Wy, € j//‘(/l). Then the
following hold:

(i) ES)(Amn) 1s uniquely determined by A, and is given by
68)(Amn) - (V ® I)*g(l) [(V ® I)Amn(v ® I)*] (V ® I)' (5'11)

(ii) We have

Tmax (7 (Amn)) < Tmax (Amn).
iii) If Ay is Hermitian, then &b A, s also Hermitian and
|4

)\min(Amn) S )\min (69) (Amn)) g /\max (69) (Amn)> S )\maX(Amn)-

(iv) 68) s a linear projection operator with the operator norms

(€3]
v

~ ~(1
18P )12 = 18 )15 = 1.

We omit the proof of Theorem 5.3 since it is quite similar to that of Theo-

rem 5.2. The following theorem gives the relationship between cg) and 6%,1).
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Theorem 5.4. Let U be any given unitary matriz and P be the permutation matriz
defined as in (5.6). For any arbitrary matriz Ap,, € C™ ™" partitioned as in (5.2),
we have

§W (Apn) = POV (P* A, P)P*

and
P (Apn) = P& (P A, P)P*.

Proof. To prove the first equality, by the definition of 62 and (5.6), we notice
that

501 (pr - _ P An Py, i= 1,
[5 (P AmnP)]k,l;’L,j {O, Z;éj,
_ JAmn)igiks,  i=1;
0, i

Hence

[P6D (P* Ay P)P* i it = [6D (P* Ay P itsi; = {(()Amn)i,j;k,z, z;;

which by definition is equal to [§(") (Amn)li ik, To prove the second equality, since
(I®U)P = P(U ® I) for any matrix U, we have by (5.11) and (5.7),

PEV (P* Ay P)P* = P(U @ 1)*0W[(U @ I)P* Ay P(U @ 1)*|(U @ I) P*
= (IU)*PSI[PIRU)Ap,(I2U)*PIP*(I2U)
= IU)*sW[IeU)AnI2U)*(IU)

R -

5.1.3 Operator c%

It is natural to consider the operator

2 ~(1 1
oy =) o)

where “o” denotes the composite of operators. The following lemma is useful in

deriving the properties of the operator cg)U in Theorem 5.6.

Lemma 5.5. For any arbitrary matriz Ay, € C™"*™" partitioned as in (5.2), we

have

I RU) 0N (AT QU) =6V [T @U)*Apn(I @ U)] (5.12)
and

(V@D (Apn) (VR I* =58V [(V A (VeI (5.13)
Furthermore,

6W 0 6W (Apn) = 8(Amn) =60 0 6W(A,,,). (5.14)
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The proof of Lemma 5.5 is straightforward; we therefore omit it. Let
Myeu ={(VRU) Apn(VRU) | Ay is any mn-by-mn diagonal matrix},

where V' is any given m-by-m unitary matrix and U is any given n-by-n unitary
matrix. We have the following theorem, which states that the operator cg) )U is just
a special case of the point operator.

Theorem 5.6. For any arbitrary matriz Ay, € C™"*™" partitioned as in (5.2),
let cygu(Amn) be the minimizer of ||Winn — Amn|| & over all W, € My gy, where

cveu 18 the point operator defined by (2.3). Then the following hold:

(i) We have
Cg)U (Amn) = cveu (Amn)-

(ii) We have
Tmax (€0 (Amn)) < Cimasc(Apn)-

iii) If A, s Hermitian, then 2 A,n) is also Hermitian and
V,U

)\min(Amn) S /\min (C§/2’)U(Amn)) S )\max(cg/?)[](A )) S )\max(Amn)~

iv) The operator 0(2) has the operator norms
(iv) 4 V.U P
HC ||2 = HC ||

Proof. Only (i) needs to be proved, and the others can be referred to Theorem

2.7. For any given A,,,, by the definitions of cg}) and Eg,l), we have

0 (Amn) = &P [} (Amn)]
=VeD Y (Veh[IeU)sW[IeU)AwmIeU)(IeD)](Ve ) NV eI)
= (Ve sW{IeU) (Ve W[ eU)AwmIeU)|(Ve ) IeU)}HVaI).

Hence by (5.12)—(5.14), we have

2 (Amn) = (V@ U)$V{EV[V @ U) Ayn(V @ U)*THV @ U)
=VU)S(VRU)An, (Ve U)(VeU)=cygu(Amn)- O

We remark that intuitively 08)(Amn) and 63)(147,1”) resemble the diagonalization

of A, along one specific direction. Hence cg)U (A;n) resembles the diagonalization
of A,,, along both directions.
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5.1.4 Three useful formulae

When U and V both are equal to the Fourier matrix F', we give three simple formulae
for constructing cg)(Amn), Eg)(Amn), and cg)F(Amn). These preconditioners will

be used later to solve block Toeplitz systems. We have by (5.8),

CF(A1,1) CF(ALQ) cee CF(Al,m)
cr(A21) cr(A22) -+ cr(A2m)

Cg)(Amn) = . ' . . . s (515)
CFr (Am,l) Cp (Am,Q) e CF(Am,m)

where each block cp(A4; ;) is T. Chan’s circulant preconditioner for A; ;. We remark
that cg) (Amn) is a block matrix with circulant blocks and is called a CB matrix [37].

Next we construct E%l)(Amn) by using Theorem 5.4. Let A,,,, = P*B,,,P and

partition By, into n? blocks with each block B; ; € C™*™. Then by Theorem 5.4
and (5.15), we have

2 (Amn)ijitd = [P ) (Brn) Pligind = (€8 (Bun)k i = (ep(Bij)ns

where B; ; is the (i, j)th block of the matrix By,,. By (2.4), we see that the (k,[)th
entry of the circulant matrix cp(B; ;) is given by

(cr(Bij))u = % > (Bij)pa-

p—q=k—1( mod m)

Since (Bj j)pg = (Ap,q)ij, We have

~ 1
R Amn)ligwr =~ 0 (i

p—q=k—I( mod m)

for 1 <4,57 <nand 1<k, I <m. Thus, the (k,[)th block of ég)(Amn) is given by

% > Apg-

p—q=k—1( mod m)

Since it depends only on k£ — ! modulo m, we see that Eg)(Amn) is a block circulant

matrix and is called a BC matrix [37]. By using @ defined as in (2.5), we further

have
m—1

e?(Amn):%Z Qo Y Al (5.16)

j=0 p—q=35( mod m)
Finally, by using (2.4), (5.16), and Theorem 5.6, one can easily obtain the
following formula:

m—1n—1

Hplam) =S Y > (e | (@ 0QN.

7=0 k=0 \p—g¢=j( mod m) r—s=k( mod n)

(5.17)
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We remark that cg)F (Amn) is a block circulant matrix with circulant blocks [37]
and will be called a BCCB matrix. Actually, from Theorem 5.6, we know that
cg)F(Amn) = crgr(Amn) is the minimizer of |Wi, — Amnlle over all W, €

Mper, where Mrgr is the set of all BCCB matrices [37].

5.2 Operation cost for preconditioned system

In this section, we study the cost of solving T,,,u = b by the PCG method with
preconditioners cg,l) (Thnn) and cg‘,,g)l,,(Tnm)7 where T, is a BTTB matrix of the form

given in (5.1). The analysis for Eg)(Tmn) is similar. We first recall that in each
iteration of the PCG method, we have to compute the matrix-vector multiplication
TimnVv for some vector v and the product

y = () (Tn))'d (5.18)
y = (o (Trn))'d (5.19)

for some vector d; see Section 1.3.1 or [41, 56].

For the cost of computing 7T;,,v, we recall that for any Toeplitz matrix T,
the matrix-vector multiplication T,,w can be computed by FFTs by first embedding
T,w into a 2n-by-2n circulant matrix and extending w to a 2n-vector by zeros;
see (1.7). For the matrix-vector product T,,,v, we can use the same trick. We
first embed T, into a (blockwise) 2m-by-2m block circulant matrix where each
block itself is a 2n-by-2n circulant matrix. Then we extend v to a 4mn-vector by
putting zeros in the appropriate places. Using F5,, ® F5, to diagonalize the 4mn-
by-4mn BCCB matrix, T,,,V can be obtained in O(mn logmn) operations by using
2-dimensional FFTs. The MATLAB algorithm for doing this is in A.16. It requires
the vector tev formed by the eigenvalues of the 4mn-by-4mn BCCB matrix which
is generated in A.11.

5.2.1 Case of cg)(Tmn)

For c;})(Tmn), by (5.15), its blocks are just cp(T{z)). Hence by (2.6) and (1.5), the
diagonal 0(F'T(;) ™) can be computed in O(nlogn) operations. Therefore, in the
initialization step, we need O(mnlogn) operations to form

A=6V(I®F)Tya(I® F)Y).

This is done in A.13, where the input t is the first column of 7}, generated by A.9.
Once we obtain A, we can start the PCG iterations. Note that

Tl,l o .- 0

0 Thy - 0

P*AP = ) ) )
0 0 - Ty,

)
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where P is defined as in (5.6) and
(Tr)is = (S(FTi 5 F)) . = (S(FT(i— ) F))

for 1 < 4,7 <mand 1 < k < n. Hence the diagonal blocks Tk,k are m-by-m
Toephtz matrices. Therefore, only O(m log? m) operations are required to compute
Tk .V for any vector v; see Ammar and Gragg [2]. Thus, (5.18) can be computed

by

y = (¢ (Thn)) 'd = (T® F)A™ (I @ F)d
= [(I ® F*)P)(P*AP)~'[P*(I ® F)|d

in O(nmlog® m) operations; see A.15.

Recall that T;,,,, v can be obtained in O(mnlogmn) operations. Thus we con-
clude that the cost per iteration is O(nm log® m+mnlog mn). The PCG algorithm
is given in A.14. If m > n, one can use ég)(Tmn) as a preconditioner instead. We
would like to mention that some of the block operations can be done in a parallel

way. This can further reduce the cost per iteration.

5.2.2 Case of c(2) 7 (Tonn)

We remark that cg)F(Tmn) is a BCCB matrix and that for any BCCB matrix Cyy,,
it can be defined by its first column. Like (1.5), we have the following relation
between the first column and the eigenvalues of Ci,,:

1
(P ® Fu)Cruner = —— (520)
where e; = (1,0,...,0)T € R™ is the first unit vector, 1,,,, = (1,1,...,1)T € R™"
and A,,, is a diagonal matrix holding the eigenvalues of C,,,.
For cg,)F( n), by using (5.17), it is not difficult to show that the kth entry
in the jth block of the first column of the matrix is given by

off) = — |(m =)=kt +i(n— k™™ + (m = ke, + et

for0<j<m-—1and 0 <k <n—1. Thus it requires only O(mn) operations to
compute the first column of cg)F(Tmn). Using (5.20), we can compute the eigenval-
ues of cg)F(T mn) by using 2-dimensional FFTs in O(mnlogmn) operations. This
is done by A.17, where t is the first column of T},,,, and ev is the vector holding the
eigenvalues.

In each iteration of the PCG method, besides O(mnlogmn) operations to
compute T,,,v, we also need to compute

Y = (9 (Tonn)) 'd = (F, © AL (Fr © Fy)d

n (5.19). This can be done in O(mnlogmn) operations by using 2-dimensional
FFTs (see A.19), where the input ev is the vector holding the eigenvalues of



78 Chapter 5. Block Toeplitz systems

cg)F(Tmn) computed by A.17. Thus the cost per iteration of the PCG method
is O(mn log mn) operations, and it is given in A.18. Again some of the block oper-
ations can be done in a parallel way to reduce the cost.

For the implementation and cost of the PCG method for general block systems
Apnu = Db, we refer readers to [21].

5.3 Convergence rate

In this section, we analyze the spectra of the preconditioned systems. Let the entries
of Ty, be denoted by

4 (r—ys)
(Tmn)qu;ﬁS - tp—q

for 1 <p,g <nand1<rs<m. Moreover, the matrix T,,,(f) is associated with
a generating function f(z,y) as follows:

j 1 T T —i(jz
t,(f)(f) = H/ flz,ye (G Jrky)d:z:dy. (5.21)

We have the following important properties for any m and n:

(i) When f is real-valued, then T,,,(f) are Hermitian, i.e.,
() =),

(ii) When f is real-valued with f(x,y) = f(—z,—y), then T, (f) are real sym-
metric, i.e.,

(1) =t50(6).

(ili) When f is real-valued and even, i.e., f(z,y) = f(|z],|y|), then T, (f) are
level-2 symmetric, i.e.,

1) =t ).

Let Carxar denote the space of all 2r-periodic (in each direction) continuous
real-valued functions f(x,y). The following theorem gives the relation between the
values of f(x,y) and the eigenvalues of T),,(f). Although its proof is similar to
that of Theorem 1.12, we give it here for completeness.

Theorem 5.7. Let T,,, be a BTTB matriz with a generating function f(x,y) €
Corxar- Let Amin(Tmn) and Amax(Tmn) denote the smallest and largest eigenvalues
of Trun, Tespectively. Then we have

fmin S /\min(Tmn) S Amax(Tmn) S fmaxa

where fmin and fmax denote the minimum and mazimum values of f(x,y), respec-
tively. In particular, if fmin > 0, then Ty, is positive definite.



5.3. Convergence rate 79

Proof. Let
v = (6200, oy oo, ) e
Then we have
1 T o m—1ln—1 )
* - J —i(jz+ky)
vT,,n7lv—47T2/77r/77T ;)kzo J y‘fmydxdy (5.22)

Since fmin < f(2,y) < fmax for all  and y, we have by (5.22),

fmin S v* mnV S fmax;

provided that v satisfies the condition

viv = 47T2/ /_

Therefore, we have by the Courant—Fischer minimax theorem,

fmin S )\min(Tmn) S )\max(Tmn) S fmax~ 0

m—1n—1

Z (J) —i(jz+ky) d(Edy = 1.
7j=0 k=0

Now we are going to analyze the convergence rate of the PCG method. We
consider f(z,y) in the Wiener class, i.e.,

Z Z |t(J) f)| < 0.

j=—0o0 k=—o0

We remark that the Wiener class is a proper subset of Co,xor.

5.3.1 Convergence rate of cg)(Tmn)

Let
s(To) — s(Ten) - s(Taom)
" s(Ty) — s(Tw) - s(Te-m)
sp’ (Tnn) = ,
$(Tom-1) 5(Tem-2) - 5(Tw)
where s(7(;)) is Strang’s circulant preconditioner defined as in (2.1) for T{;), |j| <
— 1. Consider
) (Tonn) = Tonn = 2 (Tnn) — 89 (Toun) + 8% (Trun) — Tyn- (5.23)

By applying the technique used in the proofs of Theorem 2.2 and Lemma 2.8, for
any € > 0, one can prove that

lim p U )(Tmn) — s%l)( mn)} =0, (5.24)

n—oQ
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where p[-] denotes the spectral radius and
82 (Tn) = Ton = Minn + Lo(m)s (5.25)
where M, and Lo(m) are Hermitian matrices with
| Mmnll2 < €, rank (Lo(m)) < O(m);
see [21, 55] for details. By (5.23), (5.24), (5.25), and Weyl’s theorem, we immedi-

ately have the following theorem.

Theorem 5.8. Let Ty, be defined by (5.21) with a generating function f in the
Wiener class. Then for all € > 0, there exists an N > 0 such that for alln > N

and all m > 0, at most O(m) eigenvalues of c%l)(Tmn) — Tonn have absolute values
larger than e.

If fmin > 0, by Theorem 5.7 and Theorem 5.2(iv), we then have
0 < fmin S Anrli]ﬂ(T;nn) S )\min (C(Fl‘) (Tmn)) S /\max (c(Fl‘) (Tmn)) S )\max(Tmn) S fmax~
Hence || (c%l)(Tmn))flﬂg is uniformly bounded. By noting that

(e (Tonn)) ™ T =1 = (¢! (Tonn)) ™ (€ (Toun) = Tonn)

we have the following immediate corollary.

-1

Corollary 5.9. Let T,,, be defined by (5.21) with a positive generating function

f in the Wiener class. Then for all e > 0, there exists an N > 0 such that for all
n > N and all m > 0, at most O(m) eigenvalues of (cg)(Tmn))ilen — I have

absolute values larger than €.

As a consequence, the spectrum of (cg)(Tmn))flen is clustered around 1
except for at most O(m) outlying eigenvalues which are also bounded. By Theorem
1.10 and Corollary 5.9, when the PCG method is used to solve T,,,u = b, the
convergence rate will be fast. We recall that in Section 5.2.1, the algorithm requires
O(mn log® m + mnlog n) operations in each iteration. Thus, the total complexity
of the algorithm remains O(mnlog® m + mnlogn).

5.3.2 Convergence rate of cg}?(Tmn)

For the convergence rate of the PCG method with cg)F(Tmn), we note that
(L) = Tonn = A (Toun) = & (Toan) + ) (L) = Tonn
= (&) 0 ) (Ton) = & (Tun) + &) (Tonn) = Lo
) () )~ Ton) + 80 T) — T
= &2 (M + Lom)) + Nan + Logm)
= &) (M) + 22 (Logm) + Nown + Lo,
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where My, Nin, Lo(m), and Lo(y,) are defined similarly as in (5.25) with
||an||2 <€ ||Nmn||2 <e€

and
rank (Lo(m)) < O(m), rank (Lo(n)) < O(n).

Note that
182 (M) |2 < 182 2] Moo < [|Minnll2 < €.

Also, one can easily show that
rank(ég)(Lo(m))) < O(m).
We therefore have the following theorem.

Theorem 5.10. Let T,,, be defined by (5.21) with a generating function f in the
Wiener class. Then for all e > 0, there exist M and N > 0 such that for allm > M
and alln > N, at most O(m)+ O(n) eigenvalues of cg)F(Tmn) — Tonn have absolute
values larger than e. 7

When f is positive, by Theorem 5.7 and Theorem 5.6(iii), we have
0< fmin S )\min(Tmn) S )\min (Cg:z',)F(Tmn)) S )\max (Cg)p‘(Tmn)) S )\max(Tmn) S fmax-

Hence || (cg)F(Tmn)) ! ||2 is uniformly bounded. By noting that

-1

we then have the following immediate corollary.

Corollary 5.11. Let T,,,, be defined by (5.21) with a positive generating function f
in the Wiener class. Then for all ¢ > 0, there exist M and N > 0 such that for all
m > M and alln > N, at most O(m)+ O(n) eigenvalues of (cg)F(Tmn))flen -1
have absolute values larger than €. ’

As a consequence, the spectrum of (cg)F (Tmn))_lT mn 18 clustered around 1
except for at most O(m) + O(n) outlying eigenvalues which are also bounded. By
Theorem 1.10 and Corollary 5.11, when the PCG method is used to solve T},,,u = b,
the convergence rate will be fast. We recall that in Section 5.2.2, the algorithm
requires O(mn logmn) operations in each iteration step. Thus, the total complexity
of the algorithm remains O(mnlogmn). Finally, we would like to mention that in
general, BCCB preconditioners for BTTB systems are not optimal in the sense that
the spectra of preconditioned matrices are not clustered around 1 tightly; i.e., the
number of outlying eigenvalues depends on m and n (see [73]).



82 Chapter 5. Block Toeplitz systems

5.4 Examples

In this section, we apply the PCG method to level-2 symmetric BTTB systems
Tmnu = b with the diagonals of the blocks T{;) in T, being given by tfcj). Four

different generating sequences were tested:

: () _ 1 e .

O e+ Do m PR O

. () _ 1 o .

(i) ) = [T+ DEL(J] £ Do g k=0,£1,42,...;
) 1 .

ty) = k=0,+1,£2,...;

(111) k (|j|+1)11 +(|k| +1)1.1? Js ) ) ) 3

J 1
(v) )= Gk =0,%1,42, ...

C (g )2+ (k| + 1)2 Y

The generating sequences (ii) and (iv) are absolutely summable, while (i) and (iii)
are not. Tables 5.1 and 5.2 show the number of iterations required for convergence.
The right-hand side vector b is chosen again to be the vector of all ones. In all
cases, we see that as m = n increases, the number of iterations remains roughly a

constant for both cg)(Tmn) and cg)F(Tnm).

Table 5.1. Preconditioners used and number of iterations.

Sequence (i) Sequence (ii)
n=m/| mn I cg) (Trn) cg)F(Tmn) I cg) (Trn) cg)F(Tmn)
8 64 15 6 7 15 5 7
16 256 | 28 6 8 27 6 8
32 1024 | 37 6 8 35 6 8
64 4096 | 45 7 9 41 7 9
128 16384 | 49 7 9 46 7 9
256 65536 | 51 7 9 47 7 9
Table 5.2. Preconditioners used and number of iterations.
Sequence (iii) Sequence (iv)
n=m | mn I cg)(Tmn) cg)F (Ton) | 1 cg)(Tmn) cg)F (Trn)
8 64 11 7 7 10 7 7
16 256 27 7 8 16 7 7
32 1024 43 8 8 23 8 8
64 4096 71 8 9 31 8 8
128 16384 | 104 8 9 36 8 8
256 65536 | 147 8 9 42 8 8
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The MATLAB programs generating Tables 5.1 and 5.2 are given in A.8-A.19.
To use them, one just has to run the main program A.8. It will prompt for the
input of four parameters: m and n, the size of the BT'TB matrix 7,,,; pchoice, the
choice of the preconditioner (either 0 for I, 1 for cg)(Tmn), or 2 for cg)F(Tmn));
and fchoice, the generating sequence used with 1 for (i), etc.






Appendix A

M-files used in the book

In this appendix, Professor Fu-Rong Lin has kindly provided the MATLAB pro-
grams used for the numerical examples in this book. The interested readers could
study these codes and alter them as needed for their own purposes. For a general
guide of MATLAB implementations, we refer readers to [48].

Though the programs are explained in the main text, for readers’ convenience,
we give some brief explanations here. The programs A.1-A.7 are used for solving
Toeplitz systems in Sections 2.5, 3.5, and 4.4. To use them, one just has to run the
main program A.l. It will prompt for the input parameters to run the tests in those
sections. Program A.2 is used to generate the first column of Toeplitz matrices; and
A.3 computes the eigenvalues of circulant matrices. The code of the PCG method is
provided in A.5. In each iteration of the PCG method, we are required to solve the
preconditioned system and compute the multiplication of a Toeplitz matrix with a
vector. They are done by A.6 and A.7, respectively. Program A.4 computes the
coefficients of the generalized Jackson kernel K.y, o, defined in (4.2).

The programs in A.8-A.19 are used for solving BTTB systems. To use them,
run the main program A.8. The programs in A.9 and A.10 generate the first column
and/or the first row of each block of BTTB matrices. The program in A.11 computes
the eigenvalues of BCCB matrices. Programs A.12, A.14, and A.18 contain the

codes of the PCG method with no preconditioner, the CB preconditioner c%l)(T mn),s

and the BCCB preconditioner cg)F (Tynn), respectively. The programs for computing

the eigenvalues of preconditioners cg)(Tmn) and cg)F(Tmn) are in A.13 and A.17,

respectively. In each iteration of the PCG method, we use A.15 and A.19 to solve
the preconditioned system (5.18) and (5.19), respectively. Finally, A.16 multiplies
a BTTB matrix with a vector.

85
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Toeplitz Systems

A.l

% The main program for solving Toeplitz systems T\bu = {\bf bl}.

clear % release all variables from the MATLAB workspace

tol = 1.0e-7; % the tolerance for the PCG method

it_max = 4000; % the maximum number of iterations for the PCG method

n = input(’input the size of the Toeplitz system n: ’);
disp(’choice of preconditioners: ’);
disp(’0: no preconditioner’);

disp(’1: T. Chan preconditioner’);
disp(’2: Strang preconditioner’);

disp(’3: R. Chan preconditioner’);
disp(’4: Modified Dirichlet kernel’);
disp(’5: de la Vallee Poussin kernel’);
disp(’6: von Hann kernel’);

disp(’7: Hamming kernel’);

disp(’8: Bernstein kernel’);

disp(’9: Generalized Jackson kernel, r=2’)
disp(’10: Generalized Jackson kernel, r=3’
disp(’11: Generalized Jackson kernel, r=4’
disp(’12: superoptimal preconditioner’);

pchoice = input(’input a preconditioner (pchoice): 0712: ’);
fprintf(’\n’);

disp(’choice of entries for Toeplitz matrices: ’);
disp(’1: for results in Table 2.1’);

disp(’2: for results in Table 3.3’);

disp(’3: for results in Table 3.4’);

disp(’4: for results in Table 4.1 with f(x)=x"4+1’);
disp(’5: for results in Table 4.1 with f(x)=|x|"3+0.017);
disp(’6: for results in Table 4.2 with f(x)=x"2’);

disp(’7: for results in Table 4.2 with f(x)=x"2(pi~“4-x"4)’);
disp(’8: for results in Table 4.3 with f(x)=x"4’);

disp(’9: for results in Table 4.3 with f(x)=x"4(pi~2-x"2)7);

disp(’10: for results in Table 4.4 with f(x)=[|x|"3);
disp(’11: for results in Table 4.4 with f(x)=sigma-0.3862");

fchoice = input(’input an example (fchoice): 1711: ’);

ot
|

= kern(n,fchoice); % t is the first column of the Toeplitz matrix T
ones(n,1); % the right-hand side vector b

o'
]
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[gev,ev] = genevs(t,pchoice); % compute the eigenvalues; see A.3
ig = zeros(n,1); % the initial guess

u = pcg(gev,ev,b,ig,tol, it_max); % call the PCG method

A.2

function t = kern(n,fchoice)

% kern generates the first column of Toeplitz matrix T
% depending on fchoice.

% n: the size of the Toeplitz matrix T;

% fchoice = 1: example for Chapter 2;

% fchoice = 2 and 3: examples for Chapter 3;

% fchoice = 4 to 9: examples for Chapter 4;

% t: the first column of the Toeplitz matrix.

t = zeros(1,n);

if fchoice ==

t(1) = 2;

t(2:n) = (1+sqrt(-1))./((2:n)."1.1);
elseif fchoice ==

i = sqrt(-1);

t(1) = 4.2;

k = 1:n-1;

t(2:n) = (exp(ixk.*log(k)))./k;
elseif fchoice ==

i = sqrt(-1);

t(1) = 6.5;

k = 1:n-1;

t(2:n) = (exp(ixk.*log(k)))./sqrt(k);
elseif fchoice == % f(x) = x"4+1;

pi2 = pixpi;

k = (1:n-1).72;

t(1) = pi2*pi2/5 + 1;

t(2:n) = (4*pi2-24./k)./k;

t(2:2:n) = -t(2:2:n);
elseif fchoice == % f(x) = |x|°3+0.01;

k = (1:n-1)."2;

tpl = ones(1,n-1); tp1(1:2:n-1) = -1;

tp2 = zeros(1l,n-1); tp2(1:2:n-1) = 12;

t(1) = 1/4xpi~3+0.01;

t(2:n) = ((3*pi)*tpl)./k+(tp2/pi)./(k."2);
t(2:n) = (3xpixtpl+(tp2/pi)./k)./k;
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elseif fchoice == % f(x) = x72;
t(1) = pi*pi/3;
t(2:n) = 2./((1:n-1).72);
t(2:2:n) = -t(2:2:n);

elseif fchoice == % £(x) = x"2(pi~4-x"4);
pi2 = pixpi; pid = pi2*pi2;
tp = 194.8181820680048-6%*pi4;
k = (1:n-1).72;
t(1) = -1/7*pi2+*pi4+32.46969701133414*pi2;
t(2:n) = ((-720./k+pi2%120)./k+tp)./k;
t(2:2:n) = -t(2:2:n);

elseif fchoice == % f(x) = x"4;
pi2 = pix*pi;
k = (1:n-1).72;
t(1) = pi2*pi2/5;
t(2:n) = (4%pi2-24./k)./k;
t(2:2:n) = -t(2:2:n);

elseif fchoice == % £(x) = x"4(pi~2-x"2);
pi2 = pixpi; pi4 = pi2*pi2;
k = (1:n-1).72;
t(1) = (-1/7%pi2+1.97392088021787) *pi4;
cl = 39.47841760435743*pi2-6*pi4;
c2 = 120*pi2-236.8705056261446;
t(2:n) = ((-720./k+c2)./k+cl)./k;
t(2:2:n) = -t(2:2:n);

elseif fchoice == 10 % f(x) = |x|"3;
k = (1:n-1).72;
tpl = ones(1,n-1); tp1(1:2:n-1) = -1;
tp2 = zeros(1,n-1); tp2(1:2:n-1) = 12;
t(1) = 1/4%pi~3;

t(2:n) = ((3*pi)*tpl)./k+(tp2/pi)./(k."2);
t(2:n) = (3kpixtpl+(tp2/pi)./k)./k;

elseif fchoice

== 11 ¥ f(x) = sigma-0.3862;

t(1) = 0.6138;
m = min(n,1024);
t(2:m) = 1./(1+(1:m-1));
end
A.3

function [gev,ev] = genevs(t,pchoice)
% genevs computes the eigenvalues of the circulant matrix in which T
yA is embedded and the eigenvalues of circulant preconditioner C.

hot: the first column of the Toeplitz matrix T;

% pchoice: choice of preconditiomner;
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% gev: the eigenvalues of the circulant matrix in which
% the Toeplitz matrix T is embedded;
% oev: the eigenvalues of the circulant preconditioner C.
n = length(t);
tl = conj(t(n:-1:2)); % last column of T
gev = real (fft([t 0 t1].7));
if pchoice == % T. Chan’s preconditioner
coef =1/n:1/n:1-1/n;
ev = fft ([t (1) (1-coef).*t(2:n)+coef.*t1])’;
elseif pchoice == % Strang’s preconditioner.
ev = fft([t(1:n/2) O conj(t(n/2:-1:2))1.°);
elseif pchoice == % R. Chan’s preconditioner
ev = ffE([t (1) t(2:n)+t1].7);
elseif pchoice == % Modified Dirichlet kernel
c = [t(1) t(2:n)+t1].7;
c(2) = c(2)-0.5%t1(1);
c(n) = c(n)-0.5%xt(n);
ev = fft(c);
elseif pchoice == % de la Vallee Poussin kernel
c = zeros(1l,n);
c(1) = t(1);
m = floor(n/2);
c(2:m+1) = (1:m) .*conj(t(2*m:-1:m+1))/m+t(2:m+1) ;
c(m+2:2*m) = (m-1:-1:1).*%t(m+2:2+*m)/m+conj(t(m:-1:2));
ev = fft(c)’;
elseif pchoice == % von Hann kernel
tp = pi/(2#n);
coef = (cos(tp:tp: (n-1)*tp))."2;
c = [t(1) coef.*t(2:n)+(1-coef).*tl];
ev = fft(c)’;
elseif pchoice == % Hamming kernel
tp = pi/(2#n);
coef = (cos(tp:tp: (n-1)*tp))."2;
c = [t(1) 0.46x(coef.*t(2:n)+(1-coef).*t1)+0.54*(t(2:n)+t1)];
ev = fft(c)’;
elseif pchoice == % Bernstein kernel
tp = pi/n;
coef = 0.5x(l+exp((tp:tp: (n-1)*tp)*i));
c = [t(1) coef.*t(2:n)+(1-coef).*tl];
ev = fft(c)’;
elseif pchoice == % Generalized Jackson kernel: r = 2
coef = convol(n,?2);
c = [t(1)*coef (1) coef(2:n).*t(2:n)+coef(n:-1:2).*t1];
ev = fft(c)’;
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elseif pchoice == 10 % Generalized Jackson kernel: r = 3
coef = convol(n,3);
c = [t(1)*coef (1) coef(2:n).*t(2:n)+coef(n:-1:2).*t1];
ev = fft(c)’;

elseif pchoice == 11 ¥ Generalized Jackson kernel: r = 4

coef = convol(n,4);

c = [t(1)*coef (1) coef(2:n).*t(2:n)+coef(n:-1:2).%t1];
ev = fft(c)’;
elseif pchoice == 12 ¥ Superoptimal preconditioner
h = zeros(n,1); % h: first column of the circulant part
s = zeros(n,1); % s: first column of the skew-circulant part
h(1) = 0.5%t(1);
s(1) = h(1);
t =t.7;
t1 = t1.7;
h(2:n) = 0.5%(t(2:n) + t1);
s(2:n) = t(2:n)-h(2:n);

evli = fft(h);

coef = (1:-2/n:2/n-1)7;

c = coef.x*xs;

% first column of T. Chan’s preconditioner
% for the skew-circulant part

ev2 = fft(c);

d = (exp((0:1/n:1-1/n)*pix*i)).’;
s = s.%d;
sev = fft(s); 7’ eigenvalues of the skew-circulant part
sev = sev.*conj(sev);
= ifft(s);
s = conj(d).x*s;
h = coef.*s;
evd = fft(h);

ev = (abs(evl). 2 + 2xevl.*xev2+ev3)./evl;
elseif pchoice ==

ev = ones(n,1);
end
ev = real(ev);

A.4

function coef = convol(n,r)
% convol computes the coefficients for the generalized Jackson kernel.



% K_{m,2r}, see (4.2).

% n: the size of the Toeplitz matrix T;

% r: 2, 3, or 4;

% coef: the coefficients {b_k™(m,r):|kl<=r(m-1)} of
% the generalized Jackson kernel K_{m,2r}.
m = floor(n/r);

a=1:-1/m:1/m;

r0 = 1;

coef = [a(m:-1:2) al;
while rO < r
M = (2*r0+3)*m;
bl = zeros(M,1);
c = zeros(M,1);
c(l:m) = a;
c(M:-1:M-m+2) = a(2:m);
bl (m:m+2*rO0*x(m-1)) = coef;
tp = ifft(££t(b1).*fft(c));
coef = real(tp(1:2*(r0+1)*(m-1)+1));
r0 = r0+1;
end
M= rx(m-1)+1;
coef = [coef(M:-1:1)’ zeros(1,n-M)]’;
coef = coef’;

A.5

function u = pcg(gev,ev,b,ig,tol,it_max)
% pcg uses PCG to solve the Toeplitz system Tx=b with circulant

yA preconditioner C.

% gev: the eigenvalues of the circulant matrix in which
% the Toeplitz matrix T is embedded, see A.3;

% oev: the eigenvalues of the circulant preconditioner C
% which depend on the choice of preconditioner, see A.3;
% b: the right-hand side vector b;

% ig: the initial guess;

% tol: the tolerance;

% it_max: the maximal number of iterations;

% u: the output solution.

r = b-tx(ig,gev);

u = 1ig;

aa = norm(r);

t1 =1;
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d = zeros(length(b),1);
iter = 1;
e(1) = aa;

fprintf (’\n at step %1.0f, residual=je’, iter-1, e(iter));

while iter < it_max & e(iter)/e(1) > tol,

z = cinvx(r,ev);
tlold = t1;

t1 = z’*xr;
beta = t1/tlold;
d = z+betaxd;
s = tx(d,gev);
suma = d’*s;

tau = t1/suma;
u = ut+tauxd;

r = r-tauxs;
iter = iter+1;

e(iter) = sqrt(r’*r);
fprintf (’\n at step %1.0f, relative residual = Ye’,...
iter-1,e(iter)/e(1));

end
if (iter == it_max),

fprintf (’\n Maximum iterations reached’);
end

A.6

function y = cinvx(d,ev)

% cinvx solves the preconditioning (circulant) system Cy=d.
% d: the right-hand side vector;

% ev: the eigenvalues of the circulant matrix C;

% y: the output vector.

y = ifft(££t(d)./ev);

if norm(imag(y)) < 1.0e-14 % check if v is real
y = real(y);

end

A.7

function y = tx(v,gev)

% tx multiplies the Toeplitz matrix T with a vector v.
% ov: the vector to be applied;

% gev: the eigenvalues of the circulant matrix

% in which T is embedded, see A.3;
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% y: the result of the multiplication.

n = length(v);
y = zeros(2+n,1);

y(1:n) = v;

y = ifft(£ft(y) . *gev);

y = y(1:n);

if norm(imag(y)) < 1.0e-14 7% check if y is real
y = real(y);

end

BTTB Systems

A.8

% The main program for solving BTTB systems T_{mn}u = b.
clear % release all variables from the MATLAB workspace
m = input(’input the number of blocks m: ’);

n = input(’input the size of each block n: ’);

disp(’choice of preconditioners: ’)
disp(’0: No preconditioner’);
disp(’1: CB preconditioner’);
disp(’2: BCCB preconditioner’);

pchoice = input(’input a preconditioner (pchoice): 0, 1, 2: ’);

fprintf (’\n’);
disp(’choice of sequences: ’);

disp(’1: Sequence (i) in Table 5.1°);
disp(’2: Sequence (ii) in Table 5.17);
disp(’3: Sequence (iii) in Table 5.27);
disp(’4: Sequence (iv) in Table 5.27);

fchoice = input(’choice an example (fchoice): 174: ’);

ig = zeros(m*n,1); % the initial guess
b = ones(m*n,1); % the right-hand side vector
t = fcolrow(m,n,fchoice); % the first columns and first rows
% of each block of T_{mn}; see A.9.
tev = gentev(t); % the eigenvalues of the BCCB matrix

% in which T_{mn} is embedded; see A.11



94 Appendix A. M-files used in the book

tol = 1.e-7;

if pchoice ==
% call CG method without any preconditioner
u = cg(b,ig,tev,tol);

end

if pchoice ==
ev = genllev(t);
% call PCG method with the CB preconditioner
u = pcgli(b,ig,tev,ev,tol);

end

if pchoice ==
ev = genl2ev(t);
% call PCG method with the BCCB preconditioner
u = pcgl2(b,ig,tev,ev,tol);

end

A.9

function t = fcolrow(m,n,fchoice)

% fcolrow generates the first columns and first rows of each block of
yA the BTTB matrices T_{mn}. This program can also be used for

yA nonsymmetric BTTB matrices.

% m: the number of blocks;

% n: the size of each block;

% fchoice: the choice of generating function;

% t: (2n)-by-(2m) matrix consists of first columns and first rows

yA of the blocks of the BTTB matrix. Each column of t contains
A the first column and first row of a Toeplitz block.
ml = 2*m; nl = 2%n;

t

zeros(mi,nl);

for i = 0:m-1,
for j = 0:n-1,
t(i+1,j+1) = kern(-i,-j,fchoice);
end
end

for i = m+1:ml1-1,
for j = 0:n-1,
t(i+1,j+1) = kern(ml-i,-j,fchoice);
end
end
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for i = 0:m-1,
for j = n+l:nl1-1,
t(i+1,j+1) = kern(-i,nl-j,fchoice);
end
end

for i = m+1:mi1-1,
for j = n+l:nl1-1,
t(i+1,j+1) = kern(ml-i,nl-j,fchoice);
end
end

A.10

function y = kern(k,j,fchoice)

% kern computes the (j,1) entry of the (k,1) block of the
% BTTB matrix T_{mn}.

% fchoice: the choice of generating function;

% y: the output entry.

j = abs(j); k = abs(k); % for double symmetric BTTB matrix

if fchoice == 1, % Sequence (i)
y = 1./((G+1)*(k+1) " (1.1+0.1%3));
elseif fchoice == 2, % Sequence (ii)
v = 1./((G+1)"1. 1% (k+1)~ (1.1+40.1%§)) ;
elseif fchoice == 3, ¥ Sequence (iii)
y = 1./(G+D) 1.1+ (k+1)"1.1);
elseif fchoice == 4, Y, Sequence (iv)
y = 1./0(G+1)"2.1+(k+1)"2.1);
end

A.11

function tev = gentev(t)

% gentev computes eigenvalues of the BCCB matrix in which
% the BTTB matrix T_{mn} is embedded;

%ot the matrix generated by fcolrow.m, see A.9;

% tev: the output eigenvalues of the BCCB matrix.

tev = £fft2(t);
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function u = cg(b,ig,tev,tol)

h
h
b
h
h
h

cg uses the CG method for solving T_{mn}u=b without any preconditioner.
b: the right-hand side vector;

ig: the initial guess for the CG method;

tev: the eigenvalues generated by gentev.m, see A.11;

tol: the tolerance;

u: the output solution.

mmax = 1000; 7% the maximal number of iterations

u = ig;

r = b-tx(tev,u);

e(1) = norm(r);

fprintf (’\n Initial residual = Y%e’,e(1));
iter = 1;

t1 =1.0;

d = zeros(length(ig),1);

while iter < mmax & e(iter)/e(1) > tol,

z =r;
tlold = t1;

tl = z’%r;
beta = t1/t1o0ld;
d = z+betaxd;
s = tx(tev,d);
suma = d’*s;

tau = t1/suma;
u = u+tauxd;

r = r-tau*s;
iter = iter+l;

e(iter) = norm(r);
fprintf(’\n at step %1.0f, relative residual = Je’,...
iter-1,e(iter)/e(1));

end

if

(iter == mmax),
fprintf (’\n Maximum iterations reached’);

end

A.13

function ev = genllev(t)

h
h
h

ev computes eigenvalues of circulant blocks of the CB preconditioner.
t: the matrix generated by fcolrow.m, see A.9;
ev: n-by-(2m) matrix, each column consists of eigenvalues of a



% circulant block.
[n,m] = size(t);

n = n/2;

ev = zeros(n,m) ;
v = zeros(n,m);

v(1,:) = t(1,:);
for i = 2:n,
v(i,:) = ((a-G-1))*t(d,:)+E-1D)*t(n+i,:))/n;
end
ev = fft(v);

A.14

function u = pcgll(b,ig,tev,ev,tol)

% pcgll uses the PCG method for solving T_{mn}u=b with the
% CB preconditioner.

% b: the right-hand side vector;

% ig: the initial guess;

% tev: the matrix generated by gentev.m, see A.11;

% ev: the matrix generated by genllev.m, see A.13;

% tol: the tolerance;

% u:  the output solution.

mmax = 1000; % the maximal number of iterations
u = ig;

r = b-tx(tev,u);
e(1) = norm(r);
fprintf (’\n Initial residual = %e’,e(1));

iter = 1;
t1 =1.0;
d = zeros(length(ig),1);
while iter < mmax & e(iter)/e(1) > tol,
z = licinvx(ev,r);
tlold = t1;
t1 = z’%r;
beta = t1/t1lold;
d = z+betaxd;
s = tx(tev,d);
suma = d’*s;
tau = t1/suma;
u = uttaux*d;

r = r-tauxs;
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iter = iter+1;

e(iter) = norm(r);

fprintf (’\n at step %1.0f, relative residual = Ye’,...
iter-1,e(iter)/e(1));

end
if (iter == mmax),

fprintf (’\n Maximum iterations reached’);
end

A.15

function y = licinvx(ev,d)

% llcinvx solves the preconditioning system Cy=d with
yA CB preconditioner.

% ev: the matrix generated by genllev.m, see A.13;

% d: the right-hand side vector;

% y: the output solution.

[n,m] = size(ev);

m =m/2;

rex = reshape(d,n,m);
rex = fft(rex);

for i = 1:n,
A = toeplitz(ev(i,1:m), [ev(i,1),ev(i,2*m:-1:m+2)]);
rex(i,:) = (A\((rex(i,:))’))’;
% We may solve the Toeplitz systems by the PCG methods or
yA by fast direct methods

end
rex = ifft(rex);
y = reshape(rex,m*n,1);

A.16

function y = tx(tev,v)

% tx multiplies the BTTB matrix T_{mn} with vector v.
% tev: the matrix generated by gentev.m, see A.11;

% y:  the output vector.

[n1,m1] = size(tev);

m =ml/2;

n = nl/2;

v = reshape(v,n,m);
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ev = zeros(nl,ml);
ev(l:n,1:m) = v;

= fft2(ev);

= tev.xy;

ifft2(y);

= y(1:n,1:m);

= reshape(y,m*n,1);

N <Y< <
I

A.17

function ev = genl2ev(t)

% genl2ev computes eigenvalues of the BCCB preconditioner.
% t: the matrix generated by fcolrow.m, see A.9;

% ev: all eigenvalues of the BCCB preconditioner.

[n,m] = size(t);
n =n/2;
v = zeros(n,m);

v(l,:) =t(,:);
for i = 2:n
v(i,:) = ((a-G-1))*t (G, )+GE-1D)*t(n+i,:)) /n;

v = fft(v); % CB eigenvalues.

v =v.’;
m=m/2;
ev(l,:) = v(1,:);
for i = 2:m
ev(i,:) = ((m-(G-1))*v(i,:)+(GA-1)*v(m+i,:))/m;
end

if min(n,m) >= 2
ev = fft(ev);

end

ev = ev.’;

A.18

function u = pcgl2(b,ig,tev,ev,tol)

% pcgl2 uses PCG method for solving T_{mn}u=b with the
% BCCB preconditioner.

% b: the right-hand side vector;

% ig: the initial guess;
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% tev: the matrix generated by gentev.m, see A.11;
% ev: the matrix generated by genl2ev.m, see A.17;
% tol: the tolerance;

% u:  the output solution.

mmax = 1000; % the maximal number of iterations.
u = ig;

r = b-tx(tev,u);

e(1) = norm(r);

fprintf (’\n Initial residual = %e’,e(1));

iter = 1;

t1 = 1.0;

d = zeros(length(ig),1);

while iter < mmax & e(iter)/e(1) > tol,

z = 12cinvx(ev,r);
tlold = t1;

tl = z’*r;
beta = t1/t1o0ld;
d = z+betaxd;
s = tx(tev,d);
suma = d’*s;

tau = t1/suma;
u = u+tauxd;

r = r-tauxs;
iter = iter+l;

e(iter) = norm(r);
fprintf (’\n at step %1.0f, relative residual = Ye’,...
iter-1,e(iter)/e(1));

end
if (iter == mmax),

fprintf (’\n Maximum iterations reached’);
end

A.19

function y = 12cinvx(ev,d)

% 12cinvx solves the preconditioning system Cy=d for the
yA BCCB preconditioner.

% ev: the matrix generated by genl2ev.m, see A.17;

% d: the right-hand side vector;

% y: the output solution.
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[n,m] = size(ev);

rex = reshape(d,n,m);
rex = fft2(rex);

rex = rex./ev;

rex = ifft2(rex);

y = reshape(rex,n*m,1);
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superoptimal circulant preconditioner,

26
superoptimal preconditioner, 24
symmetric matrix, 4

tensor product, 69
theorem
Cauchy’s interlace, 5, 69

Courant—Fischer minimax, 4, 14,

922, 31, 79

Grenander—Szego, 13, 24, 27, 36,
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singular value decomposition, 5

spectral, 4, 8

Weierstrass approximation, 35
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Toeplitz matrix (system), 1
transform
fast cosine, 29
fast Fourier, 11-12, 32, 48, 76
fast Hartley, 29
fast sine, 29

unitary matrix, 4
von Hann (kernel), 40, 42

Weierstrass approximation theorem,
35

well-conditioned, 7
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